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ABSTRACT

We consider the diffraction by segmented apertures with a very large number of segments, concentrating mostly on the
effects which lead to the appearance of regular patterns of diffraction peaks, specific to extremely large telescopes
(ELT). These effects are associated to gaps between segments, turned down/up segment edges and random tip-tilt
errors. We discuss briefly the effect of segment piston error, which does not produce the higher-order diffraction peaks,
but also affect the image quality. We deliver an analytical expression of the Point Spread Function (PSF) associated to
each particular case and approximate formulae for the Strehl ratio and relative intensity of higher-order diffraction
peaks.
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1. INTRODUCTION

Diffraction effects caused by an aperture with alarge number of segments (hereafter strongly segmented aperture) differ
qualitatively from those associated to apertures with a few segments. A segmented surface acts as a giant bi-
dimensional diffraction grating, producing an interference pattern with regular peaks™ Although the intensity of
higher-order diffraction peaks is 10* — 10 times the intensity of the central peak, in a giant telescope higher order
effects must be accounted for. Thisis particularly important when looking for extra solar planets, which have aratio of
brightness to their parent star of ~10°. Moreover, while for a 1.5m flat-to-flat hexagonal segment and a wavelength of
0.5um the first peak occurs at 0.08” from the central peak, Earth-like planets are expected at 0.1” - 0.2"” from their
parent star.” Therefore, knowledge of the position and relative intensity of the diffraction peaks is essential.

The first part of the present paper is a general description of the PSF for a segmented telescope. Next, we consider the
effect of gaps, turned up/down edges, and tip-tilt errors, emphasizing the diffraction effects. We discuss the piston error
effect only briefly, because it does not lead to the appearance of a regular diffraction pattern and therefore is not
particular for the ELT.

Our final goa isto find the Strehl ratio and the relative intensity of higher-order diffraction peaks at different angular
distances. Theresults of al considered effects are presented in atable useful for practical applications.

2. PSF FOR SEGMENTED TELESCOPE

We consider (Figure 1) a segmented primary mirror consisting of N segments with a segmentation geometry similar to
that of the Keck, i.e., organized in M concentric hexagonal “rings” around the central segment. The total number of
segments (including the central one) is given by N = 3aM(M+1)+1.

The expression of the PSF for a segmented mirror is presented in several recent publications.” In general it takes the

form:
PSF(w) = (AN)Z
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Here w is the position vector in the image plane, z is the focal distance, A is the wavelength; r;, A;, §;, and ¢; are the
position vector, the real area, transmission and phase functions of the j™ segment, respectively. We introduce the ideal
area of the segment A, which for hexagonal segmentsis f3d2/2. A flat-to-flat width d of an ideal segment coincides

with the center-to-center distance between contiguous segmentsin Y -direction.

In the case of a perfectly phased telescope without intersegment gaps and with optically perfect segments (¢;=0, A=A
and 6;=6, for all segments), Eq. 1 takes the form:
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Asin the case of a diffraction grating, the PSF of a segmented mirror can be represented as the product of two factors,
regardless of the segmentation geometry: a "grid factor" (GF) which is the Fourier transform of the segmentation grid,
usually a periodic function of sharp peaks, and the point spread function of an individual segment (PSF).

With a hexagonal geometry the analytical expression for GF is™:
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where
a = (nd/2Az)w, and B = (nd/2\z)w, 4

are normalized coordinates in the image plane. The grid factor corresponds to a hexagonal grid of sharp peaks whose
location is defined by the conditions:

B=mn w, =mAz/d
B++/3u=nm Wyi\@wx:nZ)\z/d
where n and m are integer values. For the following analysisit isimportant to point out that the value of all peaksin the

GF equals to unity regardless of M. The geometry of the GF is shown in Figure 2. (To convert the coordinates in the
image plane into units of radians we must omit afocal distance in Egs. 5, i.e. substitute Az/d by A/d.)

Because of the shape of the hexagonal grid, the Fourier image has a n/3 symmetry. This means that the PSF does not
change if rotated by steps of /3. For example, diffraction along any direction shown as a solid line in Figure 2 is the
same as aong axis a (in the following referred to as the A family). Along these directions, higher-order peaks are
located equidistantly with radial steps of 1t/+/3. The same is valid for any of the direction shown as a dashed line in

Figure 2 (referred to as the B family). These peaks have aregular separation of 1t
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Figure 1. Segmented mirror. Segment number Figure 2. Grid factor. The n/3 symmetry is maintained
N=90, segmentation order M=5. Solid arrows in the Fourier plane: peaks are located equidistantly
illustrate the /3 symmetry. along any solid (dashed) line.

The segment PSF is the square modulus of the segment amplitude function, t(w ) , which for hexagonal segmentsis
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with a and B given by Eq. 4. The Eq. 6 is important for all following analysis since it allows to derive the exact
analytical expression for the Strehl ratio and relative intensity of higher-order diffraction peaks associated with gaps,
segment edge misfigure and tip-tilt error.

3. ANALYSISOF DIFFRACTION EFFECTS

3.1. Gaps
Gaps are introduced by a shrinking the segment size from itsideal size given by the plane geometry of the hexagonally
packed array. Consider the case when the segment is a perfect hexagon with its center at the ideal position, but where
flat-to-flat width, d', is slightly smaller than the center-to-center distance, d. For analytical convenience we introduce o,
therelative gap size:

d-d' 1 qvd. ™
If we assume segments to be identical in size and shape, then the area of the segment A’ and the transmission function
9'(&) in Eq. 1 are independent of the index j. That allows to express the PSF as a product of the GF and the segment

PSF.:

w=

PSF(w) = [’;’Z\'j GF(W)PSF,(w, ) - ®)



While the GF is still defined by Eq.3, the segment PSF; has become:
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This function is defined only by the shape of an individual segment. As we will see, this approach is convenient to
describe different diffraction effects associated with the strongly segmented mirrors.

Asthe GF is equal to unity at the center of the image coordinate system and in al points whose coordinates obey Eq. 5,
for the calculation of the Strehl ratio and the intensity of higher-order diffraction peaks we need only to calculate the
value of function PSFs'(w) in these coordinates.

From Eq. 9 we obtain the expression for the Strehl ratio, defined as the ratio of central peak intensity with gaps to the
same intensity without gaps:

S=(1-w) =1-4w+ 6w, (10)
i.e. theloss of the Strehl ratio is— unsurprisingly — equal to the square of the ratio (gap total area/ aperture area).

Assuming 1.5 m segments with gaps of 12 mm (plausible value for OWL), the relative gap size is w = 0.008, and the
Stehl ratio equalsto 0.98. This relatively small energy loss is accompanied, however, by the appearance of a diffraction
pattern, which could possibly complicate the scientific exploitation of data.

The location of the GF peaks is defined by the distance between segment centers and does not change with gap size.
With an increase of gap size (decrease of segment size), the PSFS' widens, its zeroes move outwards, and the GF peaks
arerevealed (Figure 3b). In the following, all peaks except for the central one are referred to as higher-order peaks.
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Figure 3. Grid factor and segment PSF for a perfect mirror without gaps (), and for a mirror with gaps between
segments (b).

We are now interested in the ratio of higher-order peak to the central pesak intensity. From now on, we refer to this ratio
as the higher-order pesk relative intensity.



Due to the symmetry, peaks located at a fixed angular distance from the center have equal intensity. Figure 4 shows all
peaks out to 0.32" according to their angular distance from the center (segment size 1.5m flat-to-flat). They are labeled
with afamily name and an order number. Each family of peaks can be defined by itsinitial angle from horizontal:

Family A: n(m/3);

Family B: 1/6+n(1/3);

Family C: arctan(y/3/5)+n(1y3) and arctan(v3/2)+n (1y3);
Family D: arctan(y3/7)+n (ry3)and arctan(3y3/2)+n (173).

The number of possible families is infinite; in the following we concentrate only on those represented within a 0.32”
radius.

Figure 4. Symmetry in the diffraction pattern: all peaks belonging to
the same circle have equal intensity. Segment size d=1.5m, A=0.5um.



Figure 5. Relative intensity of higher-order peaks as a
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The higher-order peak relative intensity is plotted as a function of gap size in Figure 5. Although al the curves are
monotonous within the plotted range, peaks at larger angles are not always weaker than peaks located closer to the
center. For example, the series of peaks to be found at 0.16” (A,) are fainter than peaks located at 0.21” (C;). A more
thorough discussion of these phenomena will be given in a future paper. However, it is important to note that the
structure of higher-order peaks in a hexagonal segmentation geometry is very different from that of a square
segmentation geometry. In the latter case, a single family of peaks is observed, repeated along two orthogonal
directions. In close analogy with the simple 1D case (classical diffraction grating), the peaks are of similar amplitude
out to an angular separation of about A/(dc). In the hexagonal case, such a behavior is observed for the B family peaks
as can be seen in Figure 5 where curves 2 (B;) and 6 (B,) are coincident.

The brightest peaks are the six A; peaksat 0.08” from the center. The relative intensity of these peaks for small wis
(W) = 0.760°. (11)
Taking as an average for OWL 12mm gap and 1.5m segments, we obtain: | x,(w=0.008)= 4-10".

It should be noted, however, that this figure is quite conservative. With al identical segments, OWL has gap size
varying from ~6mm to ~18mm, and the projected geometry of the primary mirror is dlightly irregular. As aresult the
higher-order peaks will be blurred, in addition to the effect of pupil rotation.

3.2. Turned Down/Up Edge

We refer to turned down/up edges to describe residual polishing errorsin the form of phase profile misfigure appearing
on the edge of the segments (Fig. 6). We introduce two important parameters: width of misfigure n, and depth €. To
model this effect, different functions for the edge profile can be used. On the basis of practical experience we assume a
quadratic function:

d(x.&,n) = ~g(x/n)* . (12)
Point x=0 corresponds to the “beginning” of the misfigure, x=n to the edge of the segment.
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Figure 6. Turned down edge with a quadratic phase profile on the segment edge.

We assume equivalent edge shape for all segments; the PSF can be presented as the product of the grid factor GF,
introduced in Eq. 3, and the modified segment PSF, PSF,':

2

PSF(w) = ('iNj GF(W)PSF(w,n, €) - (13)
z

By analogy with effects of gaps, to calculate the Strehl factor and the intensity of higher-order maxima, we have to

derive an expression for the PSF{. The detailed calculation technique will be presented in a future paper. Here we

present the final expression for the PSF':

(d;%jzt(w,o,nﬁl'exp[iq)(x,n, g)] aax{(d—2n+2xj2 t(w, x,n)}dx 2 :

d

PSFS' (w,n, €)= (14)

In this expression o[F(x)]/ox is the partial derivative of F(x) over x and (I)(x, n. s) is the phase profile at the segment
edge (Eg. 12). The segment amplitude function t(w, X, r]) isgiven by Eq. 6 with

a=[r(d-2n+2x)/2z]w, and B=[x(d-2n+2x)/2Az]w,. (15)
The amplitude function t(w, X, r]) isequal to unity at point w=0 for al x. For the Strehl ratio we obtain:

o) 0 _ 2
s(n, ) = (ddjj +fexp[i¢(x,n,8)]4d2d++zxdx : (16)
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The exact analytical expression for the Strehl ratio can be evaluated assuming the quadratic phase function. The curves
as a function of € are shown in Fig. 7 for n=5, 10 and 20mm, d=1.5m. Note that the curves saturate to (1- 2n/d)* . The
saturation level of the Strehl ratio does not depend on the segment edge shape. In this limit, the integrand of the second
term in Eq. 16 is a fast oscillating function, the integral of which for finite limits tends to zero. For any ¢(x,n, s) the
saturation level is equa to the ratio [(d —Zn)/d]4- That is not surprising: infinitely deep slopes play the same role as
amplitude gaps with arelative size w=2n/d, and the Strehl ratio in that limit is described by Eq. 10. For any given n, the
Strehl ratio does not decrease beyond its saturation level and we could use this level as a lower limit of S(n, €).

However, this is arguably over-conservative. In practice the depth €is not expected to exceed ~2m radians. The
minimum of S(n, €) in this range gives us a convenient estimate for the Strehl ratio, especially because the position of

the minimum does not depend on n:
2
S(n, €) >1—3.3(%)+4.5[%) : (17)

Thisgives 0.98, 0.95 and 0.92 for n=5, 10 and 20mm correspondingly.

In the case of OWL, surface edge misfigure is expected to be in the range of a quarter wave length and to extend over
20 -10mm of a segment area (we assume the stress — free polishing on planetary polishers). Thisleads to an expected
Strehl ratio in arange 0.94 - 0.97.
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Figure 7. Strehl ratio for turned down edges as a Figure 8. Relative intensity of higher-order
function of misfigure depth. The curve parameter peaks A;. 1: n=5mm; 2: n=10mm; 3: n=20mm.
is misfigure width. 1: n=5mm; 2: n=10mm; 3: Segment size d=1.5m. Dashed lines are
n=20mm. Segment size d=1.5m. Dashed lines saturation level 0.7-(2n/d)?.

are the saturation level (1- 2n/d)*.

Theintensity of the higher-order peaksis given by the PSF 5 of Eq. 14, where t(w, X, r]) is calculated using points with

coordinates from Eqg. 5. We present here only the final expression for the brightest A; peaks. In Fig.6 there are six
peaks located at 0.08” from the center:

(1, 8) = (%”]29 ncz(g){l— \/ZESC(\/E)+ le[cz(\/E)+ 5 (\/E)]} (18)

where C(\/E ) and S(\/E ) are the Fresnel integrals:

C(x)= \/%'X[cos(tz)dt; S(x) = \/%'X[sin (7). (19)

Eq. 18 is valid for any parameter €. Again, this is an approximation to (n/d)? accuracy. The curves for n=5, 10 and
20mm and d=1.5m are shown in Fig. 8. As we did above for the Strehl ratio we estimate the upper level of 14, within a
range €=0... 21 by the value of its maximum, whose position in this case is independent of n. So the intensity of these
peaksis no higher than

2
Ia, (M, €) < 0.5[2(]” : (20)
For n=>5, 10 and 20mm the estimation is 2:10°°, 8.5:10° and 4-10™ correspondingly.

These estimates shall be deemed as very pessimistic, as the expected surface misfigure for OWL segment edges should
be of ¥4 wavelength. Then the expected values for |, peaks relative intensity is 7-10° - 3-10,



3.3. Tip-Tilt Effect

A detailed analysis of diffraction effects associated with tip-tilt errors for mirrors with alarge number of segments can
be found elsewhere.* Here we present the main results of the study because in many respects they are similar to that
caused by gaps or turned up/down edges.

An aperture with random segments tip-tilt errors behaves as arandomly blazed diffraction grating. The loss of intensity
in the central peak is accompanied by the appearance of regular diffraction peaks around the central one on a
background of random speckles. The PSF consists of two terms: the first item describes the regular diffraction pattern;
the second item describes the non-regular speckle field. The former is nearly independent of segment number, athough
the intensity of the non-regular component decreases as N™*. For a small number of segments the regular pattern “is
lost” in speckles, but for large N it dominates.

As the main object of the present paper is the diffraction effects associated to strong segmentation, we assume that the
non-regular component is negligible and in the following we concentrate on the regular term. Asin Egs. 8 and 13 the
ensemble averaged PSF (its regular part) is a multiplication of the grid function GF and a modified PSF for one
segment:

(PSF(w, rms)) = (’;’Z\')zGF(w)PSFg(W, rms) - (21)

The GF is again the grid factor from Eq. 3. The modified PSF, (W, rms) depends on the tip-tilt rms. So we observe the

analogy with the modified segment PSF from Egs. 9 and 14. The following analysis is directly analogous with those
presented in subsections 3.1 and 3.2.

The modified PSF,(w, rms) was found to be*
2

PSF.(w,rms) = U t(w")Q(rms,w —w')d2w’| (22)

where the function t(w) is the segment amplitude function (6), and Q(rms, w - w') is a Gaussian function with a width
equal to 2.7rms:

Q(rms,w -w') = (z—ng S exp{— (2_;:)2 M:l : (23)

Az ) 2m(2.7rms)? Az ) 2(2.7rms)?

The ensemble averaged Strehl ratio is the value of PSFg(w, rms) for the point w=0. The curves are presented in Fig. 9
for N=37, 217, and 817. For asmall tip-tilt rms value the Strehl ratio can be approximated as the following:

4
rms)=1-rms? +m1:(2.34+|i)- (24)
To the second order, this expression coincides with the Marechal approximation. Note the weak dependence on number

of segments which isin contrast to the case of pure piston errors>® where the Strehl ratio reaches a floor level equal to
1/N.
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The position of higher-order peaks is defined by the GF and their value can be calculated from the pSF, (W, rms) using

points from Eq. 5. Unlike the effects considered above, the intensity of peaks with the same index and order are not
equal anymore. For example, thereisa dlight difference in the intensities of the six A; peaks for a short exposure image.
We can create analytical expressions only for ensemble averaged characteristics. A more precise statistical analysis can
be found elsewhere.

The ensemble averaged relative intensity of higher-order diffraction peaks is shown in Fig. 10 for N=217. Like the
Strehl ratio, the intensity of the peaks for large N is insensitive to the number of segments. The curve saturation is the
result of normalization: for large rms the higher-order peaks decrease according to the same law as the Strehl ratio.

Aswe did above, we present here the approximate expression for the averaged intensity of A, peaks for the small rms:
| ,,(rms) = 0.013rms". (25)

Taking as a reasonable estimate for OWL atip-tilt rms=A/30, we obtain S=0.96 and 1,,=2.5-10".

3.4. Piston Effect

Although the main intention of the present paper isto enclose all effects which lead to the appearances of the diffraction
pattern, the piston effect should not be set aside.

The PSF for the segmented aperture with random piston distribution can be represented as a product of the GF and
segmented PSF. But unlike in all previous cases, the presence of piston errors does not change the segment PSF, but
disturbs the periodic structure of the function GF. As the result in a whole PSF the noisy undergrowth of speckles
appears, but not the diffraction pattern of the regular peaks.

The appearanszcg of speckle is accompanied by areduction in the Strehl ratio. The expression for the ensemble averaged
Strehl ratio is”



S:%[1+(N ~1)exp (- rmsz)]7 (26)

Note the saturation of the Strehl ratio to the level N,

The angular size of speckle field does not depend on the piston rms and can be defined as a full width at half maximum
of the PSF;:

=~2.0\/Td. 27)

sspeckle
For A=0.5um and d=1.5m €gpecie ~0.07".

Theratio R (averaged speckle/central peak intensity) can be found by applying energy conservation and the assumption
that the average width of an each individual speckle is the same as the width of the central peak. If we use the fact that
the number of specklesis equal to the number of segment N then we obtain:

_  l-exp(-rms’) (28)
1+(1- N)exp(-rms?)
The OWL expected piston rmsis A/30, that gives 0.96 for the Strehl ratio and R = 3-10° for the relative intensity of the
speckled field.

4. RESULTS

We have presented a unified approach to the study of diffraction effects from gaps, segment edge misfigure, and
random piston and tip-tilt errors. All considered effects lead to a loss of intensity in the central point and a disturbance
of the PSF structure. Gaps and segment edge misfigure produce the regular pattern of the higher-order diffraction peaks,
piston errors produce only the speckles, and tip-tilt errors — the combination of speckles and the higher-order peaks. For
each effect, the telescope PSF can be represented as a product of the GF and the segment PSF;, modified specifically for
each case.

The Strehl ratio and the relative intensity of diffraction peaks can be found by calculating the segment PSFsat the points
where the peaks of the GF are located. For the Strehl ratio and the relative intensity of the six brightest peaks (A1),
approximate expressions have been obtained. We summarize the results in Table 1, in which numerical values for
typical parameters are also shown.

Table1l. Strehl ratio and relative intensity of thefirst order diffraction peaks.

- . : Relative intensity
rea | ST e e e o e
P Expression Value Expression Value
size, & 12mm
Gap o . (1-8/d)* 0.98 0.7(d/d)* 410°
segment sized 1.5m
Turned depth, € 0.25um (WF) > 1-3.3:(2n/d) 0.94 - ) 7-10°-
<0.5(n/d) 4
edges width, n 20-10mm +4.5(2n/d)? 0.97 310
o rms 30 (WF) 1-rms’ . .
Tip-tilt . 0.96 0.013rms 2510
segments, N 1600 +rms’(2.34+2/N)/4
rms A30 (W
Piston (WF) exp(-rms?) 0.96 . o
segments, N 1600




5. CONCLUSION

The next generation of large telescopes will have highly segmented apertures. It is therefore important to study the
optical effects caused by such segmentation. The four effects (gaps, segment edges misfigure, and random piston and
tip-tilt errors) examined here are susceptible to analytical methods, creating the groundwork for accurate simulations.

Studying gaps, edges misfigure, and random tip-tilt errors we have concentrated on two main aspects: the Strehl ratio
and the relative intensity of higher-order diffraction peaks. For the latter we suggest a classification, which
distinguishes the peaks of different diffraction orders and takes into account the 1/3 symmetry. The derived expressions
provide a useful insight into the performance of highly segmented mirrors. Taking into account these effects will help
designing the next generation of large telescopes.
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