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Planet core structure 

Solve internal structure equations for the solid core
-Differentiated planet

-Iron core, silicate mantle, ice layer (if)
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Material ρ0 [kg m−3] c [kg m−3 Pa−n] n
Fe(α) 8300.00 0.00349 0.528
MgSiO3 (perovskite) 4100.00 0.00161 0.541
(Mg,Fe)SiO3 4260.00 0.00127 0.549
H2O 1460.00 0.00311 0.513
C (graphite) 2250.00 0.00350 0.514
SiC 3220.00 0.00172 0.537

Table 3

Fits to the merged Vinet/BME and TFD EOS of the form ρ(P ) = ρ0 + cP n. These fits are valid for the pressure
range P < 1016 Pa.

  Seager et al. 2007

-Include effect of external pressure

-Simplified EOS. No temperature dependence.
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in our models is integrated in the equations of state, and we do
not solve the equation of energy transfer. We are left with two
basic structure equations: the continuity condition

∂r
∂Mr

=
1

4πr2ρ
(1)

and the hydrostatic equilibrium

∂P
∂Mr

= −GMr

4πr4 (2)

where Mr is the included mass at the level r and P, ρ the pres-
sure and density at that level.

Equations ?? and ?? in addition with the equation of state
form a full system in which all the variables are determined
at each level. For the integration, we use a standard shooting
method (eg. Press et al. 1992), beginning at the center and go-
ing towards the surface. We start with an arbitrary central pres-
sure, and compute the surface value. Depending on this result,
we modify sucessively the central value, until the surface one
reaches the wanted value. The mass fraction of the different
layers is an input parameter, allowing a complete exploration
of the composition parameter space.

Our structure model was tested with solar system objects.
With accepted composition mixtures, we are able to reproduce
the radius of Mars, Earth, the Moon, Titan, Uranus and Neptune
to better that a few percents, usually about 1%. This does not
prove that the composition mixtures adopted are correct, since
they are also based on models built on the same assumptions. It
does show, however, that nothing essential is lost in our simpli-
fied approach. We compared our model results with the equiv-
alent of Fortney et al. (2007) and Seager et al. (2007) for the
mass range here explored. The comparison with the former
shows that the output radii always agree within 4% and the dif-
ferences are most of the times around 1%. When we apply the
polytropic state equations of Seager et al. (2007), we recover
their radii within 1%. Once again, the numerical approach of
the model is validated.

The inputs of our structure model are the mass fraction of
iron, silicates, ices and H/He, the total mass, and the surface
pressure. The output is the mass, pressure and density profiles,
and the total radius. We ran the model for a variety of compo-
sition mixtures, sampling the parameter space around the ob-
served mass-radius position of GJ 436 b.

3. Formation Model

As stated in the last section, the measured mass and radius of
GJ 436 b provide constraints on its internal structure. On the
other hand, the formation process itself establishes the final
composition of the planet. The bulk internal composition must
be consistent with both not only the present day radius and
mass of GJ 436 b but also with a plausible formation scenario.

We use here the latest version of the extended core-
accretion models including protoplanetary disk structure and
evolution, as well as migration of the forming planet. Details
on the formation model itself can be found in Alibert et al.
(2005), whereas information on the initial conditions that we

consider here are described in Mordasini et al. (in preparation).
In short, the calculation of the formation includes in a consis-
tent way three effects: 1) the accretion of solids and gas, 2)
the migration of the planet and 3) the progressive disparition
of the protoplanetary disk, due to viscosity and photoevapora-
tion. The accretion of solids and gas is calculated as in stan-
dard core-accretion models (e.g. Pollack et al. 1996). The mi-
gration of the planet occurs in two regimes: low mass planets
migrate in type I, whereas higher mass planets migrate in type
II. The switch from type I to type II occurs when the planet’s
hill radius exceeds the local disk thickness. However, for the
low-mass planets considered here, type II migration is not im-
portant. The type I migration rate is calculated using the analyt-
ical work of Tanaka et al. (2002), reduced by a constant factor
f1, which stems from different effects that can actually reduce
the migration velocity compared to the one derived in the ideal
case considered in Tanaka et al. (2002). These effects include in
particular magnetic induced turbluence (Nelson & Papaloizou
2004), or non-isothermal effects (Menou & Goodman 2004,
Paardekooper & Mellema 2006). In order to reproduce the bulk
internal composition and atmospheric composition of Jupiter
and Saturn, as well as the statistical properties of extrasolar
planets, values of f1 between 0.01 and 0.1 are required (see
Alibert et al. 2005, Mordasini et al., in preparation).

For the case of the GJ 436 system, we have considered for-
mation models around a 0.5 M⊙ star, with a solar or half-solar
([Fe/H]=−0.3 dex) metallicity, reflecting the uncertainties in
observations (Maness et al. 2006, Bonfils et al. 2005). We have
calculated tens of thousands of formation models, each one as-
suming a different set of initial conditions, namely the mass and
lifetime of the disk, and the initial location of the embryo that
will (eventually) lead to a planet. The statistical distribution of
the disk lifetime is taken from Haisch et al. (2001), whereas
the distribution of disk mass is scaled down from observations
around solar mass stars, using the relation Mdisk = Mβstar, with
β ∼ 1.2. This latter relation allows to obtain accretion rates in
computed disks which evolve with the square of the star mass,
as indicated by observations of protoplanetary discs (Muzerolle
et al. 2003, Natta et al. 2004).

3.1. Evaporation

The Bern formation models stop the clock at the moment the
disc evaporates, and do not follow the subsequent evolution of
the planet. In particular, subsequent evaporation of part of the
planet atmosphere could modify its radius and bulk composi-
tion. Mass loss through atmospheric evaporation is thought to
affect close-in planets, and could even strip a planet of most of
its mass (e.g. Baraffe et al. 2006).

However, comparison with other known close-in planets
suggest that mass loss has not been a strong factor in the evo-
lution of GJ 436 b. Despite its proximity to the parent star, the
planet receives much less incident flux than hot Jupiters like
HD 209458 b, due to the low luminosity of the star. GJ 436 b
occupies a position in the comparison of the potential energy
at the top of its atmosphere with the incident stellar flux (see
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in our models is integrated in the equations of state, and we do
not solve the equation of energy transfer. We are left with two
basic structure equations: the continuity condition

∂r
∂Mr

=
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4πr2ρ
(1)

and the hydrostatic equilibrium

∂P
∂Mr

= −GMr

4πr4 (2)

where Mr is the included mass at the level r and P, ρ the pres-
sure and density at that level.

Equations ?? and ?? in addition with the equation of state
form a full system in which all the variables are determined
at each level. For the integration, we use a standard shooting
method (eg. Press et al. 1992), beginning at the center and go-
ing towards the surface. We start with an arbitrary central pres-
sure, and compute the surface value. Depending on this result,
we modify sucessively the central value, until the surface one
reaches the wanted value. The mass fraction of the different
layers is an input parameter, allowing a complete exploration
of the composition parameter space.

Our structure model was tested with solar system objects.
With accepted composition mixtures, we are able to reproduce
the radius of Mars, Earth, the Moon, Titan, Uranus and Neptune
to better that a few percents, usually about 1%. This does not
prove that the composition mixtures adopted are correct, since
they are also based on models built on the same assumptions. It
does show, however, that nothing essential is lost in our simpli-
fied approach. We compared our model results with the equiv-
alent of Fortney et al. (2007) and Seager et al. (2007) for the
mass range here explored. The comparison with the former
shows that the output radii always agree within 4% and the dif-
ferences are most of the times around 1%. When we apply the
polytropic state equations of Seager et al. (2007), we recover
their radii within 1%. Once again, the numerical approach of
the model is validated.

The inputs of our structure model are the mass fraction of
iron, silicates, ices and H/He, the total mass, and the surface
pressure. The output is the mass, pressure and density profiles,
and the total radius. We ran the model for a variety of compo-
sition mixtures, sampling the parameter space around the ob-
served mass-radius position of GJ 436 b.

3. Formation Model

As stated in the last section, the measured mass and radius of
GJ 436 b provide constraints on its internal structure. On the
other hand, the formation process itself establishes the final
composition of the planet. The bulk internal composition must
be consistent with both not only the present day radius and
mass of GJ 436 b but also with a plausible formation scenario.

We use here the latest version of the extended core-
accretion models including protoplanetary disk structure and
evolution, as well as migration of the forming planet. Details
on the formation model itself can be found in Alibert et al.
(2005), whereas information on the initial conditions that we

consider here are described in Mordasini et al. (in preparation).
In short, the calculation of the formation includes in a consis-
tent way three effects: 1) the accretion of solids and gas, 2)
the migration of the planet and 3) the progressive disparition
of the protoplanetary disk, due to viscosity and photoevapora-
tion. The accretion of solids and gas is calculated as in stan-
dard core-accretion models (e.g. Pollack et al. 1996). The mi-
gration of the planet occurs in two regimes: low mass planets
migrate in type I, whereas higher mass planets migrate in type
II. The switch from type I to type II occurs when the planet’s
hill radius exceeds the local disk thickness. However, for the
low-mass planets considered here, type II migration is not im-
portant. The type I migration rate is calculated using the analyt-
ical work of Tanaka et al. (2002), reduced by a constant factor
f1, which stems from different effects that can actually reduce
the migration velocity compared to the one derived in the ideal
case considered in Tanaka et al. (2002). These effects include in
particular magnetic induced turbluence (Nelson & Papaloizou
2004), or non-isothermal effects (Menou & Goodman 2004,
Paardekooper & Mellema 2006). In order to reproduce the bulk
internal composition and atmospheric composition of Jupiter
and Saturn, as well as the statistical properties of extrasolar
planets, values of f1 between 0.01 and 0.1 are required (see
Alibert et al. 2005, Mordasini et al., in preparation).

For the case of the GJ 436 system, we have considered for-
mation models around a 0.5 M⊙ star, with a solar or half-solar
([Fe/H]=−0.3 dex) metallicity, reflecting the uncertainties in
observations (Maness et al. 2006, Bonfils et al. 2005). We have
calculated tens of thousands of formation models, each one as-
suming a different set of initial conditions, namely the mass and
lifetime of the disk, and the initial location of the embryo that
will (eventually) lead to a planet. The statistical distribution of
the disk lifetime is taken from Haisch et al. (2001), whereas
the distribution of disk mass is scaled down from observations
around solar mass stars, using the relation Mdisk = Mβstar, with
β ∼ 1.2. This latter relation allows to obtain accretion rates in
computed disks which evolve with the square of the star mass,
as indicated by observations of protoplanetary discs (Muzerolle
et al. 2003, Natta et al. 2004).

3.1. Evaporation

The Bern formation models stop the clock at the moment the
disc evaporates, and do not follow the subsequent evolution of
the planet. In particular, subsequent evaporation of part of the
planet atmosphere could modify its radius and bulk composi-
tion. Mass loss through atmospheric evaporation is thought to
affect close-in planets, and could even strip a planet of most of
its mass (e.g. Baraffe et al. 2006).

However, comparison with other known close-in planets
suggest that mass loss has not been a strong factor in the evo-
lution of GJ 436 b. Despite its proximity to the parent star, the
planet receives much less incident flux than hot Jupiters like
HD 209458 b, due to the low luminosity of the star. GJ 436 b
occupies a position in the comparison of the potential energy
at the top of its atmosphere with the incident stellar flux (see
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Equations ?? and ?? in addition with the equation of state
form a full system in which all the variables are determined
at each level. For the integration, we use a standard shooting
method (eg. Press et al. 1992), beginning at the center and go-
ing towards the surface. We start with an arbitrary central pres-
sure, and compute the surface value. Depending on this result,
we modify sucessively the central value, until the surface one
reaches the wanted value. The mass fraction of the different
layers is an input parameter, allowing a complete exploration
of the composition parameter space.

Our structure model was tested with solar system objects.
With accepted composition mixtures, we are able to reproduce
the radius of Mars, Earth, the Moon, Titan, Uranus and Neptune
to better that a few percents, usually about 1%. This does not
prove that the composition mixtures adopted are correct, since
they are also based on models built on the same assumptions. It
does show, however, that nothing essential is lost in our simpli-
fied approach. We compared our model results with the equiv-
alent of Fortney et al. (2007) and Seager et al. (2007) for the
mass range here explored. The comparison with the former
shows that the output radii always agree within 4% and the dif-
ferences are most of the times around 1%. When we apply the
polytropic state equations of Seager et al. (2007), we recover
their radii within 1%. Once again, the numerical approach of
the model is validated.

The inputs of our structure model are the mass fraction of
iron, silicates, ices and H/He, the total mass, and the surface
pressure. The output is the mass, pressure and density profiles,
and the total radius. We ran the model for a variety of compo-
sition mixtures, sampling the parameter space around the ob-
served mass-radius position of GJ 436 b.

3. Formation Model

As stated in the last section, the measured mass and radius of
GJ 436 b provide constraints on its internal structure. On the
other hand, the formation process itself establishes the final
composition of the planet. The bulk internal composition must
be consistent with both not only the present day radius and
mass of GJ 436 b but also with a plausible formation scenario.

We use here the latest version of the extended core-
accretion models including protoplanetary disk structure and
evolution, as well as migration of the forming planet. Details
on the formation model itself can be found in Alibert et al.
(2005), whereas information on the initial conditions that we

consider here are described in Mordasini et al. (in preparation).
In short, the calculation of the formation includes in a consis-
tent way three effects: 1) the accretion of solids and gas, 2)
the migration of the planet and 3) the progressive disparition
of the protoplanetary disk, due to viscosity and photoevapora-
tion. The accretion of solids and gas is calculated as in stan-
dard core-accretion models (e.g. Pollack et al. 1996). The mi-
gration of the planet occurs in two regimes: low mass planets
migrate in type I, whereas higher mass planets migrate in type
II. The switch from type I to type II occurs when the planet’s
hill radius exceeds the local disk thickness. However, for the
low-mass planets considered here, type II migration is not im-
portant. The type I migration rate is calculated using the analyt-
ical work of Tanaka et al. (2002), reduced by a constant factor
f1, which stems from different effects that can actually reduce
the migration velocity compared to the one derived in the ideal
case considered in Tanaka et al. (2002). These effects include in
particular magnetic induced turbluence (Nelson & Papaloizou
2004), or non-isothermal effects (Menou & Goodman 2004,
Paardekooper & Mellema 2006). In order to reproduce the bulk
internal composition and atmospheric composition of Jupiter
and Saturn, as well as the statistical properties of extrasolar
planets, values of f1 between 0.01 and 0.1 are required (see
Alibert et al. 2005, Mordasini et al., in preparation).

For the case of the GJ 436 system, we have considered for-
mation models around a 0.5 M⊙ star, with a solar or half-solar
([Fe/H]=−0.3 dex) metallicity, reflecting the uncertainties in
observations (Maness et al. 2006, Bonfils et al. 2005). We have
calculated tens of thousands of formation models, each one as-
suming a different set of initial conditions, namely the mass and
lifetime of the disk, and the initial location of the embryo that
will (eventually) lead to a planet. The statistical distribution of
the disk lifetime is taken from Haisch et al. (2001), whereas
the distribution of disk mass is scaled down from observations
around solar mass stars, using the relation Mdisk = Mβstar, with
β ∼ 1.2. This latter relation allows to obtain accretion rates in
computed disks which evolve with the square of the star mass,
as indicated by observations of protoplanetary discs (Muzerolle
et al. 2003, Natta et al. 2004).

3.1. Evaporation

The Bern formation models stop the clock at the moment the
disc evaporates, and do not follow the subsequent evolution of
the planet. In particular, subsequent evaporation of part of the
planet atmosphere could modify its radius and bulk composi-
tion. Mass loss through atmospheric evaporation is thought to
affect close-in planets, and could even strip a planet of most of
its mass (e.g. Baraffe et al. 2006).

However, comparison with other known close-in planets
suggest that mass loss has not been a strong factor in the evo-
lution of GJ 436 b. Despite its proximity to the parent star, the
planet receives much less incident flux than hot Jupiters like
HD 209458 b, due to the low luminosity of the star. GJ 436 b
occupies a position in the comparison of the potential energy
at the top of its atmosphere with the incident stellar flux (see
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in our models is integrated in the equations of state, and we do
not solve the equation of energy transfer. We are left with two
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∂r
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4πr2ρ
(1)

and the hydrostatic equilibrium

∂P
∂Mr

= −GMr

4πr4 (2)

where Mr is the included mass at the level r and P, ρ the pres-
sure and density at that level.

Equations ?? and ?? in addition with the equation of state
form a full system in which all the variables are determined
at each level. For the integration, we use a standard shooting
method (eg. Press et al. 1992), beginning at the center and go-
ing towards the surface. We start with an arbitrary central pres-
sure, and compute the surface value. Depending on this result,
we modify sucessively the central value, until the surface one
reaches the wanted value. The mass fraction of the different
layers is an input parameter, allowing a complete exploration
of the composition parameter space.

Our structure model was tested with solar system objects.
With accepted composition mixtures, we are able to reproduce
the radius of Mars, Earth, the Moon, Titan, Uranus and Neptune
to better that a few percents, usually about 1%. This does not
prove that the composition mixtures adopted are correct, since
they are also based on models built on the same assumptions. It
does show, however, that nothing essential is lost in our simpli-
fied approach. We compared our model results with the equiv-
alent of Fortney et al. (2007) and Seager et al. (2007) for the
mass range here explored. The comparison with the former
shows that the output radii always agree within 4% and the dif-
ferences are most of the times around 1%. When we apply the
polytropic state equations of Seager et al. (2007), we recover
their radii within 1%. Once again, the numerical approach of
the model is validated.

The inputs of our structure model are the mass fraction of
iron, silicates, ices and H/He, the total mass, and the surface
pressure. The output is the mass, pressure and density profiles,
and the total radius. We ran the model for a variety of compo-
sition mixtures, sampling the parameter space around the ob-
served mass-radius position of GJ 436 b.

3. Formation Model

As stated in the last section, the measured mass and radius of
GJ 436 b provide constraints on its internal structure. On the
other hand, the formation process itself establishes the final
composition of the planet. The bulk internal composition must
be consistent with both not only the present day radius and
mass of GJ 436 b but also with a plausible formation scenario.

We use here the latest version of the extended core-
accretion models including protoplanetary disk structure and
evolution, as well as migration of the forming planet. Details
on the formation model itself can be found in Alibert et al.
(2005), whereas information on the initial conditions that we

consider here are described in Mordasini et al. (in preparation).
In short, the calculation of the formation includes in a consis-
tent way three effects: 1) the accretion of solids and gas, 2)
the migration of the planet and 3) the progressive disparition
of the protoplanetary disk, due to viscosity and photoevapora-
tion. The accretion of solids and gas is calculated as in stan-
dard core-accretion models (e.g. Pollack et al. 1996). The mi-
gration of the planet occurs in two regimes: low mass planets
migrate in type I, whereas higher mass planets migrate in type
II. The switch from type I to type II occurs when the planet’s
hill radius exceeds the local disk thickness. However, for the
low-mass planets considered here, type II migration is not im-
portant. The type I migration rate is calculated using the analyt-
ical work of Tanaka et al. (2002), reduced by a constant factor
f1, which stems from different effects that can actually reduce
the migration velocity compared to the one derived in the ideal
case considered in Tanaka et al. (2002). These effects include in
particular magnetic induced turbluence (Nelson & Papaloizou
2004), or non-isothermal effects (Menou & Goodman 2004,
Paardekooper & Mellema 2006). In order to reproduce the bulk
internal composition and atmospheric composition of Jupiter
and Saturn, as well as the statistical properties of extrasolar
planets, values of f1 between 0.01 and 0.1 are required (see
Alibert et al. 2005, Mordasini et al., in preparation).

For the case of the GJ 436 system, we have considered for-
mation models around a 0.5 M⊙ star, with a solar or half-solar
([Fe/H]=−0.3 dex) metallicity, reflecting the uncertainties in
observations (Maness et al. 2006, Bonfils et al. 2005). We have
calculated tens of thousands of formation models, each one as-
suming a different set of initial conditions, namely the mass and
lifetime of the disk, and the initial location of the embryo that
will (eventually) lead to a planet. The statistical distribution of
the disk lifetime is taken from Haisch et al. (2001), whereas
the distribution of disk mass is scaled down from observations
around solar mass stars, using the relation Mdisk = Mβstar, with
β ∼ 1.2. This latter relation allows to obtain accretion rates in
computed disks which evolve with the square of the star mass,
as indicated by observations of protoplanetary discs (Muzerolle
et al. 2003, Natta et al. 2004).

3.1. Evaporation

The Bern formation models stop the clock at the moment the
disc evaporates, and do not follow the subsequent evolution of
the planet. In particular, subsequent evaporation of part of the
planet atmosphere could modify its radius and bulk composi-
tion. Mass loss through atmospheric evaporation is thought to
affect close-in planets, and could even strip a planet of most of
its mass (e.g. Baraffe et al. 2006).

However, comparison with other known close-in planets
suggest that mass loss has not been a strong factor in the evo-
lution of GJ 436 b. Despite its proximity to the parent star, the
planet receives much less incident flux than hot Jupiters like
HD 209458 b, due to the low luminosity of the star. GJ 436 b
occupies a position in the comparison of the potential energy
at the top of its atmosphere with the incident stellar flux (see
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Table 1. Parameters for the radiogenic heat production. Besides

the three long lived radionuclides we also give the parameters

for
26

Al.

Nuclide Q0 [erg/(g s)] λ [1/Gyrs]
40

K 3.723 × 10
−7

0.543
238

U 2.899 × 10
−8

0.155
232

Th 1.441 × 10
−8

0.0495
26

Al 2.13 × 10
−3

966.732

planetesimals has ceased. This can play a role for the evolution

of the total radius, which is an observable quantity, as demon-

strated in section 6.

Valencia et al. (2010) simply use a total heat production rate

of 2 × 10
20

erg s
−1 M−1

⊕ for the planet’s mantel which is also

assumed to have a chondritic composition. They assume that the

rate is constant in time. We improve this by considering that over

timescales of billions of years, the heat production by the long

lived radionuclides will decrease according to the law of the ex-

ponential radioactive decay.

Denoting with Q(t) the energy release per second per gram

of chondritic material, one can write (e.g. Prialnik et al. 1987)

Q(t) = Q0e−λt (3)

where Q0 is the heat production rate per gram of chondritic ma-

terial at time t = 0, and λ = ln 2/t1/2 is the decay constant for a

radionuclide with a half life t1/2. The values of Q0 can be found

by extrapolating back from currently measured values in mete-

orites. In table 1 we give the values of λ and Q0 derived from

the data given in Lowrie (2007) for the three nuclides we in-

clude. These values are compatible with the ones of Prialnik et

al. (1987).

The total heating rate per gram of chondritic material is then

simply

Qtot(t) = Q0,Ke−λKt + Q0,Ue−λUt + Q0,The−λTht. (4)

In figure 3 we plot Qtot and the contribution of the three nu-

clides as a function of time. Initially, potassium gives the domi-

nant contribution, by about an order of magnitude. At later times,
238

U and
232

Th take over due to their longer half life.

The total radioactive luminosity of the core is then given as

Lradio(t) = Qtot(t) fmantle frockyMZ (5)

where MZ is the total core mass, fmantle the mantle fraction and

frocky = 1− fice the mass fraction of “rocky” material in the core.

With this setting, one finds for an Earth like planet

( fmantle=2/3, frocky=1, MZ=1 M⊕) at t = 4.5 Gyrs a radioactive

luminosity of Lradio = 2.26 × 10
20

erg/s which is in good agree-

ment with the value from Valencia et al. (2009). For t = 0, one

finds Lradio = 1.65 × 10
21

erg/s, or about a factor 7.3 higher than

today. This is in good agreement with Wasserburg et al. (1964)

who estimates a ratio of 4.5 to 8.2 depending on the chemical

composition of the Earth. The value the radiogenic luminosity

due to long lived nuclides at t = 0 (or up to small t ∼ 10 Myrs,

Prialnik et al. 1987) has no practical meaning, as short lived

radionuclides, and heat produced by collisional growth, would

then dominate by many orders of magnitude. It gives however

an impression of by how much the heat flux due to long lived

radionuclides has varied over the lifetime of the Solar System.
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Fig. 3. Radiogenic heat production rate in one gram of chon-

dritic material as a function of time due to the decay of long

living nuclides. The lines show the contribution from the differ-

ent radionuclides (as labeled in the figure), as well as the total

rate (red, solid line).

2.2.2. Short lived radionuclides

We have neglected the radiogenic heating due to short lived ra-

dionuclides, in particular Aluminium 26. It is well known that
26

Al could have been a powerful heating mechanism in the

first few million years in the solar system (e.g. Prialnik et al.

1987). According to the study of Castillo-Rogez et al. (2009)

who assume an initial isotopic abundance ratio equal
26

Al/27
Al

=5 × 10
−5

, an aluminium concentration of 1.2 wt % in silicates,

one finds a Q0,Al = 2.13 × 10
−3

erg/(g s). This value is compat-

ible with the one given in Prialnik et al. (1987). This is many

orders of magnitude more than for the long lived nuclides. If we

were to have a fully assembled rocky 1 M⊕ planet at t = 0, then
26

Al would lead to a luminosity of about 2.5 L�, and a surface

temperature of 414 K (neglecting melting and a delayed heat

transport, which is clearly not realistic in this case).

A general model (i.e. also for other stars than the sun) in-

cluding short lived radionuclides is challenging to derive for a

number of reasons: First, it is unclear how universal the ini-

tial abundance of short lived radionuclides is for different plan-

etary systems. If non-local effects play an important role (like

the proposed nearby supernova, Cameron & Truran 1977), then

we probably must expect very different initial concentrations.

Second, due to the short half life of
26

Al of about 0.72 Myrs,

results regarding this nuclide are very sensitive to the exact time

delay between CAI formation and inclusion into the planetesi-

mals and protoplanets (e.g. Prialnik et al. 1987). The time corre-

sponding to t=0 is not very well defined in our simulations. For

example, the distribution of initial disk gas masses we are using

is based on observations of YSO in ρ Ophiuchi, which is about 1

Myr old (Andrews et al. 2009). Third, the inclusion of short lived

nuclides would require a detailed thermic model of the core, al-

lowing melting and heat transport. This is currently beyond the

scope of the model, but will be another point for work toward

a physical characterization also of low mass planets in future

versions of the model. The same applies for the heating due to

impacts, and subsequent cooling of the core of its internal heat.
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Table 1. Parameters for the radiogenic heat production. Besides

the three long lived radionuclides we also give the parameters

for
26

Al.

Nuclide Q0 [erg/(g s)] λ [1/Gyrs]
40
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0.543
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0.155
232

Th 1.441 × 10
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0.0495
26

Al 2.13 × 10
−3

966.732
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of the total radius, which is an observable quantity, as demon-

strated in section 6.
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Q(t) = Q0e−λt (3)

where Q0 is the heat production rate per gram of chondritic ma-

terial at time t = 0, and λ = ln 2/t1/2 is the decay constant for a

radionuclide with a half life t1/2. The values of Q0 can be found

by extrapolating back from currently measured values in mete-

orites. In table 1 we give the values of λ and Q0 derived from

the data given in Lowrie (2007) for the three nuclides we in-

clude. These values are compatible with the ones of Prialnik et

al. (1987).

The total heating rate per gram of chondritic material is then

simply

Qtot(t) = Q0,Ke−λKt + Q0,Ue−λUt + Q0,The−λTht. (4)

In figure 3 we plot Qtot and the contribution of the three nu-

clides as a function of time. Initially, potassium gives the domi-

nant contribution, by about an order of magnitude. At later times,
238

U and
232

Th take over due to their longer half life.

The total radioactive luminosity of the core is then given as

Lradio(t) = Qtot(t) fmantle frockyMZ (5)

where MZ is the total core mass, fmantle the mantle fraction and

frocky = 1− fice the mass fraction of “rocky” material in the core.

With this setting, one finds for an Earth like planet

( fmantle=2/3, frocky=1, MZ=1 M⊕) at t = 4.5 Gyrs a radioactive

luminosity of Lradio = 2.26 × 10
20

erg/s which is in good agree-

ment with the value from Valencia et al. (2009). For t = 0, one

finds Lradio = 1.65 × 10
21

erg/s, or about a factor 7.3 higher than

today. This is in good agreement with Wasserburg et al. (1964)

who estimates a ratio of 4.5 to 8.2 depending on the chemical

composition of the Earth. The value the radiogenic luminosity

due to long lived nuclides at t = 0 (or up to small t ∼ 10 Myrs,

Prialnik et al. 1987) has no practical meaning, as short lived

radionuclides, and heat produced by collisional growth, would

then dominate by many orders of magnitude. It gives however
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dritic material as a function of time due to the decay of long

living nuclides. The lines show the contribution from the differ-

ent radionuclides (as labeled in the figure), as well as the total

rate (red, solid line).
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dionuclides, in particular Aluminium 26. It is well known that
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Al could have been a powerful heating mechanism in the
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one finds a Q0,Al = 2.13 × 10
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ible with the one given in Prialnik et al. (1987). This is many

orders of magnitude more than for the long lived nuclides. If we

were to have a fully assembled rocky 1 M⊕ planet at t = 0, then
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Al would lead to a luminosity of about 2.5 L�, and a surface

temperature of 414 K (neglecting melting and a delayed heat

transport, which is clearly not realistic in this case).

A general model (i.e. also for other stars than the sun) in-

cluding short lived radionuclides is challenging to derive for a

number of reasons: First, it is unclear how universal the ini-

tial abundance of short lived radionuclides is for different plan-

etary systems. If non-local effects play an important role (like

the proposed nearby supernova, Cameron & Truran 1977), then

we probably must expect very different initial concentrations.

Second, due to the short half life of
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Al of about 0.72 Myrs,

results regarding this nuclide are very sensitive to the exact time

delay between CAI formation and inclusion into the planetesi-

mals and protoplanets (e.g. Prialnik et al. 1987). The time corre-

sponding to t=0 is not very well defined in our simulations. For

example, the distribution of initial disk gas masses we are using

is based on observations of YSO in ρ Ophiuchi, which is about 1

Myr old (Andrews et al. 2009). Third, the inclusion of short lived

nuclides would require a detailed thermic model of the core, al-

lowing melting and heat transport. This is currently beyond the

scope of the model, but will be another point for work toward

a physical characterization also of low mass planets in future

versions of the model. The same applies for the heating due to

impacts, and subsequent cooling of the core of its internal heat.
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dritic material as a function of time due to the decay of long

living nuclides. The lines show the contribution from the differ-

ent radionuclides (as labeled in the figure), as well as the total

rate (red, solid line).

2.2.2. Short lived radionuclides

We have neglected the radiogenic heating due to short lived ra-

dionuclides, in particular Aluminium 26. It is well known that
26

Al could have been a powerful heating mechanism in the

first few million years in the solar system (e.g. Prialnik et al.

1987). According to the study of Castillo-Rogez et al. (2009)

who assume an initial isotopic abundance ratio equal
26

Al/27
Al

=5 × 10
−5

, an aluminium concentration of 1.2 wt % in silicates,

one finds a Q0,Al = 2.13 × 10
−3

erg/(g s). This value is compat-

ible with the one given in Prialnik et al. (1987). This is many

orders of magnitude more than for the long lived nuclides. If we

were to have a fully assembled rocky 1 M⊕ planet at t = 0, then
26

Al would lead to a luminosity of about 2.5 L�, and a surface

temperature of 414 K (neglecting melting and a delayed heat

transport, which is clearly not realistic in this case).

A general model (i.e. also for other stars than the sun) in-

cluding short lived radionuclides is challenging to derive for a

number of reasons: First, it is unclear how universal the ini-

tial abundance of short lived radionuclides is for different plan-

etary systems. If non-local effects play an important role (like

the proposed nearby supernova, Cameron & Truran 1977), then

we probably must expect very different initial concentrations.

Second, due to the short half life of
26

Al of about 0.72 Myrs,

results regarding this nuclide are very sensitive to the exact time

delay between CAI formation and inclusion into the planetesi-

mals and protoplanets (e.g. Prialnik et al. 1987). The time corre-

sponding to t=0 is not very well defined in our simulations. For

example, the distribution of initial disk gas masses we are using

is based on observations of YSO in ρ Ophiuchi, which is about 1

Myr old (Andrews et al. 2009). Third, the inclusion of short lived

nuclides would require a detailed thermic model of the core, al-

lowing melting and heat transport. This is currently beyond the

scope of the model, but will be another point for work toward

a physical characterization also of low mass planets in future

versions of the model. The same applies for the heating due to

impacts, and subsequent cooling of the core of its internal heat.
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The boundary conditions for this part of the calculation are
the same as in PT99, formally,

T (z = H) = T (τab, Tb, r, Ṁst,α), (4)

P(z = H) =
Ω2Hτab

κ(T (z = H), P(z = H))
, (5)

F(z = H) =
3

8π
ṀstΩ

2, (6)

and

F(z = 0) = 0. (7)

These conditions depend on three parameters: τab the optical
depth between the surface of the disc (z = H) and infinity,
Tb the background temperature, and Ṁst the equilibrium accre-
tion rate defined by Ṁst ≡ 3πν̃Σ where Σ ≡

∫ H

−H
ρdz is the usual

surface density, and ν̃ ≡
∫ H

−H νρdz/Σ. The values for τab and
Tb are the same as in PT99 (namely 10−2 and 10 K); the steady-
state accretion rate is a free parameter. As shown in PT99, the
structure obtained hardly varies with the first two parameters.

This system of 3 equations with 4 boundary conditions has
in general no solution, except for a certain value of H. This
value is found iteratively: Eqs. (1)–(3) are numerically inte-
grated from z = H to z = 0, using a fifth-order Runge-Kutta
method with adaptive step length (Press et al. 1992) until
F(z = 0) = 0 to a given accuracy.

Using this procedure, we calculate, for each distance to the
star r and each value of the equilibrium accretion rate Ṁst, the
distributions of pressure, temperature and density T (z; r, Ṁst),
P(z; r, Ṁst), ρ(z; r, Ṁst).

Using these distributions, we finally calculate the mid-
plane temperature (Tmid) and pressure (Pmid), as well as
the effective viscosity ν̃(r, Ṁst), the disc density scale height
H̃(r, Ṁst) defined by ρ(z = H̃) = e−1/2ρ(z = 0). The surface
density Σ(r, Ṁst) is also given as a function of Ṁst (for each
radius). By inverting this former relation, we finally obtain re-
lations Tmid(r,Σ), Pmid(r,Σ), ν̃(r,Σ) and H̃(r,Σ) for each value
of r (and each value of the other parameters α, τab and Tb).

2.1.2. Evolution of the surface density

The time evolution of the disc is governed by the well-known
diffusion equation (Lynden-Bell & Pringle 1974):

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
(ν̃Σr1/2)

]
=

1
r
∂

∂r
(rJ(r)) , (8)

where J(r) ≡ 3
r1/2

∂
∂r (ν̃Σr1/2) is the mass flux (integrated over the

vertical axis z). This equation is modified to take into account
the momentum transfer between the planet and the disc, as well
as the effect of photo-evaporation and accretion onto the planet:

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
ν̃Σr1/2 + Λ(r)

]
+ Σ̇w(r) + Q̇planet(r). (9)

The rate of momentum transfer Λ between the planet and
the disc is calculated using the formula derived by Lin &
Papaloizou (1986):

Λ(r) =
fΛ
2r

√
GMstar

(
Mplanet

Mstar

)2 ( r

max(|r − a|, H̃)

)4
, (10)

where a is the sun-planet distance and fΛ is a numerical con-
stant1. The photo-evaporation term Σ̇w is given by (Veras &
Armitage 2004):
{
Σ̇w = 0 for R < Rg,
Σ̇w ∝ R−1 for R > Rg,

(11)

where Rg is usually taken to be 5 AU, and the total mass loss
due to photo-evaporation is a free parameter. Finally, a sink
term Q̇planet is included in Eq. (9), to take into account the
amount of gas accreted by the planet. This term is generally
negligible compared to the other ones, except during the run-
away phases.

To solve the diffusion Eq. (9) we need to specify two
boundary conditions. The first one is given at the outer radius
of the disc (in our simulations this radius is usually taken at
50 AU). At this radius, one can either give the surface density
Σ or its temporal derivative. Since the characteristic evolution
time of the disc is the diffusion timescale

Tν ∝
r2

ν̃
∝ 1
αΩ

( r
H

)2
, (12)

which2 is proportional to r3/2 for discs of approximately con-
stant aspect ratio (which is the case in these models, see PT99)
the outer boundary condition has little influence.

The second condition is specified at the inner radius where
we have used the following condition:

r
∂ν̃Σ

∂r

∣∣∣∣∣∣
inner radius

= 0. (13)

Since the total mass flux through a cylinder of radius r is given
by:

Φ(r) ≡ 2πrJ(r) = 3πν̃Σ + 6πr
∂ν̃Σ

∂r
, (14)

the boundary condition Eq. (13) can be expressed as:

Φ(r)
∣∣∣∣
inner radius

= 3πν̃Σ = Ṁst, (15)

i.e. the mass flux through the inner radius is equal to the equi-
librium flux. Therefore, this condition is equivalent to say that
the inner disc instantaneously adapt itself to the conditions
given by the outer disc. As discussed in PT99, this is consistent
with the expression of the characteristic timescale as a function
of the radius (Eq. (12)).

2.2. Migration rate

Dynamical tidal interactions of the growing protoplanet with
the disc lead to two phenomena: inward migration and gap
formation (Lin & Papaloizou 1979, Ward 1997, Tanaka et al.
2002). For low mass planets, the tidal interaction is linear, and

1 In this formula, the disc scale height H̃ is the scale height of the
unperturbed disc, and not the scale height in the middle of the gap.

2 The second part of Eq. (12) is obtained by expressing Eq. (1) as
1
ρ

P
H ∼ Ω2H and then replacing the sound velocity by ΩH in the defi-

nition of ν.
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Using these distributions, we finally calculate the mid-
plane temperature (Tmid) and pressure (Pmid), as well as
the effective viscosity ν̃(r, Ṁst), the disc density scale height
H̃(r, Ṁst) defined by ρ(z = H̃) = e−1/2ρ(z = 0). The surface
density Σ(r, Ṁst) is also given as a function of Ṁst (for each
radius). By inverting this former relation, we finally obtain re-
lations Tmid(r,Σ), Pmid(r,Σ), ν̃(r,Σ) and H̃(r,Σ) for each value
of r (and each value of the other parameters α, τab and Tb).

2.1.2. Evolution of the surface density

The time evolution of the disc is governed by the well-known
diffusion equation (Lynden-Bell & Pringle 1974):

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
(ν̃Σr1/2)

]
=

1
r
∂

∂r
(rJ(r)) , (8)

where J(r) ≡ 3
r1/2

∂
∂r (ν̃Σr1/2) is the mass flux (integrated over the

vertical axis z). This equation is modified to take into account
the momentum transfer between the planet and the disc, as well
as the effect of photo-evaporation and accretion onto the planet:

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
ν̃Σr1/2 + Λ(r)

]
+ Σ̇w(r) + Q̇planet(r). (9)

The rate of momentum transfer Λ between the planet and
the disc is calculated using the formula derived by Lin &
Papaloizou (1986):

Λ(r) =
fΛ
2r

√
GMstar

(
Mplanet

Mstar

)2 ( r

max(|r − a|, H̃)

)4
, (10)

where a is the sun-planet distance and fΛ is a numerical con-
stant1. The photo-evaporation term Σ̇w is given by (Veras &
Armitage 2004):
{
Σ̇w = 0 for R < Rg,
Σ̇w ∝ R−1 for R > Rg,

(11)

where Rg is usually taken to be 5 AU, and the total mass loss
due to photo-evaporation is a free parameter. Finally, a sink
term Q̇planet is included in Eq. (9), to take into account the
amount of gas accreted by the planet. This term is generally
negligible compared to the other ones, except during the run-
away phases.

To solve the diffusion Eq. (9) we need to specify two
boundary conditions. The first one is given at the outer radius
of the disc (in our simulations this radius is usually taken at
50 AU). At this radius, one can either give the surface density
Σ or its temporal derivative. Since the characteristic evolution
time of the disc is the diffusion timescale

Tν ∝
r2

ν̃
∝ 1
αΩ

( r
H

)2
, (12)

which2 is proportional to r3/2 for discs of approximately con-
stant aspect ratio (which is the case in these models, see PT99)
the outer boundary condition has little influence.

The second condition is specified at the inner radius where
we have used the following condition:

r
∂ν̃Σ

∂r

∣∣∣∣∣∣
inner radius

= 0. (13)

Since the total mass flux through a cylinder of radius r is given
by:

Φ(r) ≡ 2πrJ(r) = 3πν̃Σ + 6πr
∂ν̃Σ

∂r
, (14)

the boundary condition Eq. (13) can be expressed as:

Φ(r)
∣∣∣∣
inner radius

= 3πν̃Σ = Ṁst, (15)

i.e. the mass flux through the inner radius is equal to the equi-
librium flux. Therefore, this condition is equivalent to say that
the inner disc instantaneously adapt itself to the conditions
given by the outer disc. As discussed in PT99, this is consistent
with the expression of the characteristic timescale as a function
of the radius (Eq. (12)).

2.2. Migration rate

Dynamical tidal interactions of the growing protoplanet with
the disc lead to two phenomena: inward migration and gap
formation (Lin & Papaloizou 1979, Ward 1997, Tanaka et al.
2002). For low mass planets, the tidal interaction is linear, and

1 In this formula, the disc scale height H̃ is the scale height of the
unperturbed disc, and not the scale height in the middle of the gap.

2 The second part of Eq. (12) is obtained by expressing Eq. (1) as
1
ρ

P
H ∼ Ω2H and then replacing the sound velocity by ΩH in the defi-

nition of ν.
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A. Fortier et al.: Planetary formation

Fig. 13. Example of the formation of a planetary system. Left panel shows the evolution of the semi-major axis of the protoplanets versus time.
Accreted planets are indicated with a big dot, ejected planets with a cross. The final masse of the surviving planets is written on the right of the
figure. Right panel depicts the eccentricity of planetesimals in the disc as a function of time (x-axis) and semi-major axis (y-axis). The colour bar
indicates the eccentricity values.

their final masses are determined by the coupled evolution of the
disc and the planet. Considering both migration and oligarchic
growth for the solid component of the planet has consequences
in the mass interval of a few tens Earth masses. These planets
find it to hard to survive, as their migration rate is larger than
their accretion rate (dominated by the accretion of solids), and
they are often lost in the central star. Planets that are between 10
and 100 Earth masses are usually undergoing inward type I mi-
gration. Only in the cases where the gas component of the disc
dissipates during this process allows to end up with planets in
this mass range. Indeed, if we calculate in situ models, planets in
this mass range are produced in the same fraction as giant plan-
ets in the mass bin M6 (103 to 104 M⊕). This is shown in Fig.14,
where we have used the same mass bins are in the previous fig-
ures, but now the colour bars of the histograms represent their
fixed location and not the change in semi major axis. Planets that
are in the mass range M4 are also planets that did not have the
possibility to start the runaway gas accretion phase. Planets ac-
creting gas in a runaway fashion grow exponentially with time,
so they leave the mass range of a few tens Earth masses very
fast and jump to several Jupiter masses. This has also an effect
in planets with masses between a Saturn mass and a few Jupiter
masses: once the runaway of gas starts, planets can easily ac-
crete hundreds of Earth masses of gas, therefore it is more diffi-
cult to form a planet in this mass range. This can be seen both in
the histograms of in situ formation and when migration is con-
sidered: the mass bin M5 (planets with masses between 100 and
1000 M⊕) is the one with less amount of planets. However, when
comparing the mass fraction of each mass bin in the in situ and
migration histograms one should keep in mind that the numbers
where calculated considering only the surviving planets. While
this is always the case for the in situ calculations, it is not for
the migration case. Most of the planets lost due to migration are
in the mass bin M4 (10 to 100 M⊕). Therefore, in the in situ his-
tograms, the fraction of planets in this mass bin represents all the
planets formed in this mass range. On the other hand, when mi-
gration is considered this fraction only accounts for the planets
that survived.

Giant planet formation by accretion of 100 km planetesimals
results quite unlikely, if not impossible. In our simulations, to ac-
tually form giant planets we had to reduce the planetesimal size,
at least down to 0.1 km. However, assuming a uniform popula-
tion of small planetesimals which size remains unchanged dur-
ing the whole formation of the planet is also hard to explain. It
is not yet clear how planetesimal formation proceeds. Models
that explain the formation of planetesimals by direct collapse
in vortices in turbulent regions (Johansen et al. 2007) predict
a fast formation of very big planetesimals (rm > 100 km). On
the other hand, coagulation models can not be ruled out. A re-
cent study of Windmark et al. (2012) shows that direct growth of
planetesimals via dust collisions can lead to the growth of 0.1 km
planetesimals. Indeed, initially small planetesimals show better
matches to the observed size distribution of objects in the as-
teroid belt and among the TNOs. Weidenschilling (2011) shows
that the size distribution currently observed in the asteroid belt
in the range of 10 to 100 km can be better explained by an ini-
tial population of 0.1 km planetesimals. Kenyon and Bromley
(2012) conclude, by combining observations of the hot and cold
populations of TNOs with time constraints on their formation
process, that TNOs form from a massive disc mainly composed
of 1 km planetesimals.

Most probably the initial population of planetesimals in pro-
toplanetary discs is not uniform in size, but follows a size distri-
bution. Being the origin of planetesimals still under debate, we
have some freedom to make assumptions on the initial size dis-
tribution of planetesimals. From what we have shown, without
small planetesimals giant planet formation is difficult to explain,
at least in the way we understand it now. However, even with an
initial population of small planetesimals, the collisions among
themselves are likely to be disruptive as soon as their random ve-
locities start to be excited by a planetary embryo. In fact, the time
for fragmentation of 0.1 km planetesimals in the neighbourhood
of a forming planet is around 104 years, much less than the for-
mation timescale of the planet. Therefore, it is also unlikely that
an initial population of only small planetesimals can be used to
explain the formation of giant planets. Moreover, we have shown
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Fig. 13. Example of the formation of a planetary system. Left panel shows the evolution of the semi-major axis of the protoplanets versus time.
Accreted planets are indicated with a big dot, ejected planets with a cross. The final masse of the surviving planets is written on the right of the
figure. Right panel depicts the eccentricity of planetesimals in the disc as a function of time (x-axis) and semi-major axis (y-axis). The colour bar
indicates the eccentricity values.
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this is always the case for the in situ calculations, it is not for
the migration case. Most of the planets lost due to migration are
in the mass bin M4 (10 to 100 M⊕). Therefore, in the in situ his-
tograms, the fraction of planets in this mass bin represents all the
planets formed in this mass range. On the other hand, when mi-
gration is considered this fraction only accounts for the planets
that survived.

Giant planet formation by accretion of 100 km planetesimals
results quite unlikely, if not impossible. In our simulations, to ac-
tually form giant planets we had to reduce the planetesimal size,
at least down to 0.1 km. However, assuming a uniform popula-
tion of small planetesimals which size remains unchanged dur-
ing the whole formation of the planet is also hard to explain. It
is not yet clear how planetesimal formation proceeds. Models
that explain the formation of planetesimals by direct collapse
in vortices in turbulent regions (Johansen et al. 2007) predict
a fast formation of very big planetesimals (rm > 100 km). On
the other hand, coagulation models can not be ruled out. A re-
cent study of Windmark et al. (2012) shows that direct growth of
planetesimals via dust collisions can lead to the growth of 0.1 km
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matches to the observed size distribution of objects in the as-
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that the size distribution currently observed in the asteroid belt
in the range of 10 to 100 km can be better explained by an ini-
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(2012) conclude, by combining observations of the hot and cold
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Migration: why thermodynamics matter?3

The exchange of fluid elements lead to an overdensity at shorter radii. This 
translates into a increased torque pushing the planet outwards...
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Unfortunately, after some time, the situation becomes much less clear and the 
torques begin to saturate...
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In other words, unless the viscosity re-establishes the original entropy profile 
before the torques saturate, the outward migration will not last... The condition 
for a sustainable outward migration is therefore given by: τlib >> τvisc
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K.-M. Dittkrist et al.: New Migration Model in Planet Population Synthesis Calculations 3
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!U-turn
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Fig. 1. Schematic representation of the relevant timescales involved in
the type I migration. Flow lines of gas parcels are indicated in a system
of reference rotating with the planet which is indicated on the right. In
the center, there is the sun. Close to the planet, the flow lines bend and
make a U-turn during a time equal τU−turn. During that times, they cool,
with a timescale τcool. One full libration around the planet (indicated by
the black lines) takes a libration time, τlib. During this time, viscosity
acts on a viscous timescale τvisc. The corotation region is found between
the two black lines. Inside and outside this region, gas parcels do not
make U-turns, but still have a velocity relative to the planet, due to the
Keplerian sheer (gray lines).

while the total torque in a local isothermal description, where the
temperatur T is constant in time but not over semimajor axis, is
proportional to

Cloc = −0.85 + 0.9βT + βΣ. (5)

Subtracting from this the Lindblad torque one finds the horse-
shoe drag part in the local isothermal description as

CHS,loc = 1.65 − 0.8βT + 1.1βΣ. (6)

We want to mention that Casoli & Masset and NAME state a
different Lindblad torque:

CLind,2 =
1
γ

(−2.5 + 0.5βT − 0.1βΣ) . (7)

We will look into the effect this weaker Lindblad torque has in
section 4.2. The adiabatic migration coefficient

Cadia = CLind +CHS,adia. (8)

In all those equations is βΣ the slope of the surface density, βT
the slope of the temperature and γ the adiabatic gas cooeffient.

2.3.3. Timescales

As mentioned above these factors depend on the thermal regime.
An adiabatic disc produce a different torque than a locally
isothermal, and also the saturation of the torque from the corota-
tion region is important. Thus we compare different timescales to
decide on the state of the disc. The different timescalse are shown
in shematic ... In all timescale calculations one critical lenght
scale is the width of the horseshow region xs (Masset et al., 2006;
Baruteau & Masset, 2008; Paardekooper et al., 2010):

xs = 1.16a

�
q

h
√
γ
. (9)

q is the quotient of the planet mass Mplanet and the mass of the
star M∗. h = H/a is the disc scale height.

We use the a comparison of a cooling time and the u-turn
time to disquinish between the locally isothermal and the adia-
batic regime. The U-turn time is the time a gas partical needs to
undergo one turn in front or behind a planet. Its estimated used
here is:

τU−turn =
64xsh

2

9qrpΩ
. (10)

The cooling time of a gas blob undergoing one of those turns is
calculated by solving the 1D equation:

dT

dt
= − 1
ρCV

∂

∂r
(F) , (11)

where F is the heat flux, ρ the gas density and CV the heat ca-
pacity at constant volume. We assume a cooling over the length
lcool which is the minimum of H and xs which is either hori-
zontal cooling over the width of the horseshoe region or vertical
cooling through the disc. The flux F is in the optical thin case,
when ρκlcool <

√
1/8, F = τσT

4, and in the optical thick case
in the flux limited diffusion discribtion F = 4acT

3

3ρκ
∂T
∂r . Therefore,

we have two different subtypes of the cooling timescale with a
smooth transition when the optical depth is 1/sqrt8:

τcool =
lcoolρCV

8σT 3

�
8ρκlcool +

1
ρκlcool

�
(12)

In a similar way we compare the viscous timescale to the li-
bration timescale to find out wheater the Horsedrag is saturated
or not. The idear behind is, that if the disc is not connected suf-
ficient enough onto the coorotation region it can not replenish
the amount of angular moment there. Since angular momentum
is transported through the disc by the viscous flow of gas these
timescales are the imporant ones. An other way to look at it is
to describe the time needed for the viscous flow the reestlish the
orginial conditions after the planet potential disturbed the gas
compared to the time a gas partical needs to make one complete
horseshoe orbit. The viscous timescale is

τvisc =
x

2
s

ν
, (13)

while the libration time is simple:

τlib =
8πrp

3Ωpxs
. (14)

Those equation will in general result in our α discs that plan-
ets change from the locally isothermal into the adiabatic regime
before the corotation torque saturates. We denote with s1 =

τcool
τU−turn

and with s2 =
τvisc
τlib

2.3.4. Type I Migration Formula

As shown in Tanaka et al. (2002); Paardekooper et al. (2010);
Masset & Casoli (2010) a linearization of the continuity equation
and the equation of motion leads to the specific torque, which is
proportional to the migration rate:

Γ̃ =
Γ

M
= C̃(r2

pΩ
2
p) where (15)

C̃ = C

�
rp

h

�2
Σp

Mplanet

M
2∗
=

ṙp

2rpΩp
(16)

Thus the dimentionless numbers C̃ or C implies the direction
and strength of the migration. To compine the above results we

Migration and timescales3

From Paardekooper et al. 2009 

Cooling?

Friday, March 23, 2012



K.-M. Dittkrist et al.: New Migration Model in Planet Population Synthesis Calculations 3

!lib

!visc

!U-turn

!cool

Fig. 1. Schematic representation of the relevant timescales involved in
the type I migration. Flow lines of gas parcels are indicated in a system
of reference rotating with the planet which is indicated on the right. In
the center, there is the sun. Close to the planet, the flow lines bend and
make a U-turn during a time equal τU−turn. During that times, they cool,
with a timescale τcool. One full libration around the planet (indicated by
the black lines) takes a libration time, τlib. During this time, viscosity
acts on a viscous timescale τvisc. The corotation region is found between
the two black lines. Inside and outside this region, gas parcels do not
make U-turns, but still have a velocity relative to the planet, due to the
Keplerian sheer (gray lines).

while the total torque in a local isothermal description, where the
temperatur T is constant in time but not over semimajor axis, is
proportional to

Cloc = −0.85 + 0.9βT + βΣ. (5)

Subtracting from this the Lindblad torque one finds the horse-
shoe drag part in the local isothermal description as

CHS,loc = 1.65 − 0.8βT + 1.1βΣ. (6)

We want to mention that Casoli & Masset and NAME state a
different Lindblad torque:

CLind,2 =
1
γ

(−2.5 + 0.5βT − 0.1βΣ) . (7)

We will look into the effect this weaker Lindblad torque has in
section 4.2. The adiabatic migration coefficient

Cadia = CLind +CHS,adia. (8)

In all those equations is βΣ the slope of the surface density, βT
the slope of the temperature and γ the adiabatic gas cooeffient.

2.3.3. Timescales

As mentioned above these factors depend on the thermal regime.
An adiabatic disc produce a different torque than a locally
isothermal, and also the saturation of the torque from the corota-
tion region is important. Thus we compare different timescales to
decide on the state of the disc. The different timescalse are shown
in shematic ... In all timescale calculations one critical lenght
scale is the width of the horseshow region xs (Masset et al., 2006;
Baruteau & Masset, 2008; Paardekooper et al., 2010):

xs = 1.16a

�
q

h
√
γ
. (9)

q is the quotient of the planet mass Mplanet and the mass of the
star M∗. h = H/a is the disc scale height.

We use the a comparison of a cooling time and the u-turn
time to disquinish between the locally isothermal and the adia-
batic regime. The U-turn time is the time a gas partical needs to
undergo one turn in front or behind a planet. Its estimated used
here is:

τU−turn =
64xsh

2

9qrpΩ
. (10)

The cooling time of a gas blob undergoing one of those turns is
calculated by solving the 1D equation:

dT

dt
= − 1
ρCV

∂

∂r
(F) , (11)

where F is the heat flux, ρ the gas density and CV the heat ca-
pacity at constant volume. We assume a cooling over the length
lcool which is the minimum of H and xs which is either hori-
zontal cooling over the width of the horseshoe region or vertical
cooling through the disc. The flux F is in the optical thin case,
when ρκlcool <

√
1/8, F = τσT

4, and in the optical thick case
in the flux limited diffusion discribtion F = 4acT

3

3ρκ
∂T
∂r . Therefore,

we have two different subtypes of the cooling timescale with a
smooth transition when the optical depth is 1/sqrt8:

τcool =
lcoolρCV

8σT 3

�
8ρκlcool +

1
ρκlcool

�
(12)

In a similar way we compare the viscous timescale to the li-
bration timescale to find out wheater the Horsedrag is saturated
or not. The idear behind is, that if the disc is not connected suf-
ficient enough onto the coorotation region it can not replenish
the amount of angular moment there. Since angular momentum
is transported through the disc by the viscous flow of gas these
timescales are the imporant ones. An other way to look at it is
to describe the time needed for the viscous flow the reestlish the
orginial conditions after the planet potential disturbed the gas
compared to the time a gas partical needs to make one complete
horseshoe orbit. The viscous timescale is

τvisc =
x

2
s

ν
, (13)

while the libration time is simple:

τlib =
8πrp

3Ωpxs
. (14)

Those equation will in general result in our α discs that plan-
ets change from the locally isothermal into the adiabatic regime
before the corotation torque saturates. We denote with s1 =

τcool
τU−turn

and with s2 =
τvisc
τlib

2.3.4. Type I Migration Formula

As shown in Tanaka et al. (2002); Paardekooper et al. (2010);
Masset & Casoli (2010) a linearization of the continuity equation
and the equation of motion leads to the specific torque, which is
proportional to the migration rate:

Γ̃ =
Γ

M
= C̃(r2

pΩ
2
p) where (15)

C̃ = C

�
rp

h

�2
Σp

Mplanet

M
2∗
=

ṙp

2rpΩp
(16)

Thus the dimentionless numbers C̃ or C implies the direction
and strength of the migration. To compine the above results we
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Fig. 1. Schematic representation of the relevant timescales involved in
the type I migration. Flow lines of gas parcels are indicated in a system
of reference rotating with the planet which is indicated on the right. In
the center, there is the sun. Close to the planet, the flow lines bend and
make a U-turn during a time equal τU−turn. During that times, they cool,
with a timescale τcool. One full libration around the planet (indicated by
the black lines) takes a libration time, τlib. During this time, viscosity
acts on a viscous timescale τvisc. The corotation region is found between
the two black lines. Inside and outside this region, gas parcels do not
make U-turns, but still have a velocity relative to the planet, due to the
Keplerian sheer (gray lines).
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Subtracting from this the Lindblad torque one finds the horse-
shoe drag part in the local isothermal description as
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We want to mention that Casoli & Masset and NAME state a
different Lindblad torque:
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We will look into the effect this weaker Lindblad torque has in
section 4.2. The adiabatic migration coefficient
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In all those equations is βΣ the slope of the surface density, βT
the slope of the temperature and γ the adiabatic gas cooeffient.
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An adiabatic disc produce a different torque than a locally
isothermal, and also the saturation of the torque from the corota-
tion region is important. Thus we compare different timescales to
decide on the state of the disc. The different timescalse are shown
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batic regime. The U-turn time is the time a gas partical needs to
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calculated by solving the 1D equation:
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where F is the heat flux, ρ the gas density and CV the heat ca-
pacity at constant volume. We assume a cooling over the length
lcool which is the minimum of H and xs which is either hori-
zontal cooling over the width of the horseshoe region or vertical
cooling through the disc. The flux F is in the optical thin case,
when ρκlcool <
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4, and in the optical thick case
in the flux limited diffusion discribtion F = 4acT
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In a similar way we compare the viscous timescale to the li-
bration timescale to find out wheater the Horsedrag is saturated
or not. The idear behind is, that if the disc is not connected suf-
ficient enough onto the coorotation region it can not replenish
the amount of angular moment there. Since angular momentum
is transported through the disc by the viscous flow of gas these
timescales are the imporant ones. An other way to look at it is
to describe the time needed for the viscous flow the reestlish the
orginial conditions after the planet potential disturbed the gas
compared to the time a gas partical needs to make one complete
horseshoe orbit. The viscous timescale is
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while the libration time is simple:
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Those equation will in general result in our α discs that plan-
ets change from the locally isothermal into the adiabatic regime
before the corotation torque saturates. We denote with s1 =
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and with s2 =
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Masset & Casoli (2010) a linearization of the continuity equation
and the equation of motion leads to the specific torque, which is
proportional to the migration rate:
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and strength of the migration. To compine the above results we
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Fig. 1. Schematic representation of the relevant timescales involved in
the type I migration. Flow lines of gas parcels are indicated in a system
of reference rotating with the planet which is indicated on the right. In
the center, there is the sun. Close to the planet, the flow lines bend and
make a U-turn during a time equal τU−turn. During that times, they cool,
with a timescale τcool. One full libration around the planet (indicated by
the black lines) takes a libration time, τlib. During this time, viscosity
acts on a viscous timescale τvisc. The corotation region is found between
the two black lines. Inside and outside this region, gas parcels do not
make U-turns, but still have a velocity relative to the planet, due to the
Keplerian sheer (gray lines).

while the total torque in a local isothermal description, where the
temperatur T is constant in time but not over semimajor axis, is
proportional to

Cloc = −0.85 + 0.9βT + βΣ. (5)

Subtracting from this the Lindblad torque one finds the horse-
shoe drag part in the local isothermal description as

CHS,loc = 1.65 − 0.8βT + 1.1βΣ. (6)

We want to mention that Casoli & Masset and NAME state a
different Lindblad torque:

CLind,2 =
1
γ

(−2.5 + 0.5βT − 0.1βΣ) . (7)

We will look into the effect this weaker Lindblad torque has in
section 4.2. The adiabatic migration coefficient

Cadia = CLind +CHS,adia. (8)

In all those equations is βΣ the slope of the surface density, βT
the slope of the temperature and γ the adiabatic gas cooeffient.

2.3.3. Timescales

As mentioned above these factors depend on the thermal regime.
An adiabatic disc produce a different torque than a locally
isothermal, and also the saturation of the torque from the corota-
tion region is important. Thus we compare different timescales to
decide on the state of the disc. The different timescalse are shown
in shematic ... In all timescale calculations one critical lenght
scale is the width of the horseshow region xs (Masset et al., 2006;
Baruteau & Masset, 2008; Paardekooper et al., 2010):
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q is the quotient of the planet mass Mplanet and the mass of the
star M∗. h = H/a is the disc scale height.

We use the a comparison of a cooling time and the u-turn
time to disquinish between the locally isothermal and the adia-
batic regime. The U-turn time is the time a gas partical needs to
undergo one turn in front or behind a planet. Its estimated used
here is:

τU−turn =
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The cooling time of a gas blob undergoing one of those turns is
calculated by solving the 1D equation:
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= − 1
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where F is the heat flux, ρ the gas density and CV the heat ca-
pacity at constant volume. We assume a cooling over the length
lcool which is the minimum of H and xs which is either hori-
zontal cooling over the width of the horseshoe region or vertical
cooling through the disc. The flux F is in the optical thin case,
when ρκlcool <
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4, and in the optical thick case
in the flux limited diffusion discribtion F = 4acT
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smooth transition when the optical depth is 1/sqrt8:
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In a similar way we compare the viscous timescale to the li-
bration timescale to find out wheater the Horsedrag is saturated
or not. The idear behind is, that if the disc is not connected suf-
ficient enough onto the coorotation region it can not replenish
the amount of angular moment there. Since angular momentum
is transported through the disc by the viscous flow of gas these
timescales are the imporant ones. An other way to look at it is
to describe the time needed for the viscous flow the reestlish the
orginial conditions after the planet potential disturbed the gas
compared to the time a gas partical needs to make one complete
horseshoe orbit. The viscous timescale is

τvisc =
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, (13)

while the libration time is simple:
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8πrp
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Those equation will in general result in our α discs that plan-
ets change from the locally isothermal into the adiabatic regime
before the corotation torque saturates. We denote with s1 =
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and with s2 =
τvisc
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-Explicit N-body between planets with disk-planet interaction and collisions of planets.
-Eccentricity damping of planets (Nelson& Fogg 07), planetesimal ecc. as in Pollack et al. (96).
-Uniform planetesimal density in overlapping feeding zones.
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-Explicit N-body between planets with disk-planet interaction and collisions of planets.
-Eccentricity damping of planets (Nelson& Fogg 07), planetesimal ecc. as in Pollack et al. (96).
-Uniform planetesimal density in overlapping feeding zones.
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a system with three giants and one HN
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a system with three HN
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a system with TWO Earths at 1 AU
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a system with TWO Earths at 1 AU
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long term stability?
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System or no system?

 Blue planets are less massive than red ones (competition)
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 Blue planets can be more massive than red ones (sometimes)
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 Massive red planets are in general closer than blue ones 
 Low mass blue planets are in general closer than red ones 
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a-M diagram
starting with 10 planets
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a-M  diagram compared with all planets
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Conclusions
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Conclusions
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- interactions induced through the disk
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•Attached & detached (collapse) phase: Lissauer et al. 2009 & Broeg et al. in prep well 
reproduced. 

Capture

Total

Core

Models of Jupiter’s growth 349

(a)

(b)

Fig. 11. The final orbital distance that a test particle orbiting at the outer boundary
of the planet at the time specified would have at the end of the accretion epoch
if the only orbit-altering effect was shrinkage to conserve orbital angular momen-
tum as the planet grew to a mass of 1M J . (a) Late Phase II and Phase III for each
of the five groups, with two variants shown for three of the four groups that bifur-
cated. Apart from Runs 10L∞ and 1G, which we view to be among the least realistic
runs of this paper (because of the large assumed size of the planet and high disk
viscosity), the peak value is !20R J . Note that all of the curves end at values of
∼1.7R J , because in our model 1M J planets are about this radius at the termination
of accretion (Tables 3 and 4). (b) Close-up values near the peak for the four most
physically realistic runs presented in this paper. The characteristic shrinking times
range from a few hundred to a few thousand years. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)

the circumsolar disk. Our study included simulations of planets
growing in disks of high and low viscosity; the surface mass den-
sity of gas within the disk remained constant in some cases and
decreased gradually in others (see Table 1 for details). The most
physically plausible model of the formation of Jupiter included
herein is Run 3lRHJ, in which the dimensionless disk viscosity is
α = 4 × 10−4 and the surface density of the gas within the disk
decreases with time, thereby allowing a gradual tapering off of gas
accretion as the planet approaches its ultimate mass. Results of
this simulation are presented in Figs. 12, 13, and 14.

The principal results of our investigation are: (1) Three dimen-
sional hydrodynamic calculations show that the flow of gas in
the circumsolar disk limits the region occupied by the planet’s
tenuous gaseous envelope to within ∼0.25RH (Hill sphere radii)

Fig. 12. The mass of solids in the planet (solid line), gas in the planet (dotted line)
and the total mass of the planet (dot-dashed line) are shown as functions of time
according to our most physically realistic case, Run 3lRHJ (see Tables 1, 2, and 4
for details). Note the slow, gradually increasing, buildup of gas, leading to a rapid
growth spurt, followed by a slow tail off in accretion.

Fig. 13. The radius of the planet (solid line) and that of the planet’s heavy element
core (dashed line) are shown as functions of time for Run 3lRHJ (see Tables 1, 2,
and 4 for details). Note the logarithmic scale used for radius.

Fig. 14. The planet’s luminosity is shown as a function of time for Run 3lRHJ (see
Tables 1, 2, and 4 for details). The rapid contraction of the planet just before
t = 2.5 Myr coincides with its highest luminosity and the epoch of most rapid gas
accretion.

Lissauer et al. 2009

1 Planet gas envelope structure - long term evolution
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•Attached & detached (collapse) phase: Lissauer et al. 2009 & Broeg et al. in prep well 
reproduced. 
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•Long term evolution of radii agree to typically 10 % compared to Baraffe et al. or 
Burrows et al. models. 
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•Agreement for luminosities to factor 2. Tendency to too high R and L at late times. 

•Attached & detached (collapse) phase: Lissauer et al. 2009 & Broeg et al. in prep well 
reproduced. 
•Long term evolution of radii agree to typically 10 % compared to Baraffe et al. or 
Burrows et al. models. 

L at 4.6 Gyrs: 1.8 LJ

Lmax ca 3 x 10-4 Lsun 
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Planet gas envelope structure - equations
4 Mordasini et al.

BP86; Guillot 2005; Broeg 2010):

dm
dr = 4πr2ρ dP

dr = −Gm
r2 ρ

dl
dr = 4πr2ρ

(

ε − T ∂S
∂t

)

dT
dr = T

P
dP
dr ∇

(2)

In these equations, r is the radius as measured from the planetary cen-
ter, m the mass inside r (including the core mass MZ), l the luminosity
at r, ρ, P, T, S the gas density, pressure, temperature and entropy, t the
time, and ∇ is given as

∇ = d ln T
d lnP = min(∇ad,∇rad) ∇rad = 3

64πσG
κlP
T 4m (3)

i.e. by the minimum of the adiabatic gradient ∇ad which is directly
given by the equation of state (in convective zones) or the radiative
gradient ∇rad (in radiative zones) where κ is the opacity and σ is the
Stefan-Boltzmann constant.

Calculation of the luminosity

For the planetary population synthesis, where the evolution of thou-
sands of different planets is calculated, we need a stable and rapid
method for the numerical solution of these equations. We have there-
fore replaced the ordinary equation for dl/dr by the assumption that
l is constant within the envelope, and that we can derive the total lu-
minosity L (including solid and gas accretion, contraction and release
of internal heat) and its temporal evolution by total energy conserva-
tion arguments, an approach somewhat similar to Papaloizou & Nelson
(2005). We first recall that −dEtot/dt = L and that in the hydrostatic
case, the total energy is given as

Etot = Egrav + Eint = −

∫ M

0

Gm

r
dm +

∫ M

0
u dm =̇ − ξ

GM2

2R
(4)

where u is the specific internal energy, M the total mass, and R the
total radius of the planet. We have defined a parameter ξ, which repre-
sents the distribution of mass within the planet and its internal energy
content. The ξ can be found for any given structure at time t with the
equations above. Then one can write

− d
dtEtot = L = LM + LR + Lξ = ξGM

R Ṁ −
ξGM2

2R2 Ṙ + GM2

2R ξ̇ (5)

where Ṁ = ṀZ + ṀXY is the total accretion rate of solids and gas, and
Ṙ is the rate of change of the total radius. All quantities except ξ̇ can
readily be calculated at time t. We now set

L # C (LM + LR) . (6)
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method for the numerical solution of these equations. We have there-
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minosity L (including solid and gas accretion, contraction and release
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Ṙ is the rate of change of the total radius. All quantities except ξ̇ can
readily be calculated at time t. We now set

L # C (LM + LR) . (6)

1-D radial structure equations (similar to stellar structure)

Mass conservation
Hydrostat. equilibrium
Energy conservation
Energy transport

Additional energy source:
impacting planetesimals

Gas accretion rate given by ability to radiate away energy (TKH)

e.g. Bodenheimer & Pollack 1986

1

Friday, March 23, 2012



Planet gas envelope structure - equations
4 Mordasini et al.

BP86; Guillot 2005; Broeg 2010):

dm
dr = 4πr2ρ dP

dr = −Gm
r2 ρ

dl
dr = 4πr2ρ

(

ε − T ∂S
∂t

)

dT
dr = T

P
dP
dr ∇

(2)

In these equations, r is the radius as measured from the planetary cen-
ter, m the mass inside r (including the core mass MZ), l the luminosity
at r, ρ, P, T, S the gas density, pressure, temperature and entropy, t the
time, and ∇ is given as

∇ = d ln T
d lnP = min(∇ad,∇rad) ∇rad = 3

64πσG
κlP
T 4m (3)

i.e. by the minimum of the adiabatic gradient ∇ad which is directly
given by the equation of state (in convective zones) or the radiative
gradient ∇rad (in radiative zones) where κ is the opacity and σ is the
Stefan-Boltzmann constant.

Calculation of the luminosity

For the planetary population synthesis, where the evolution of thou-
sands of different planets is calculated, we need a stable and rapid
method for the numerical solution of these equations. We have there-
fore replaced the ordinary equation for dl/dr by the assumption that
l is constant within the envelope, and that we can derive the total lu-
minosity L (including solid and gas accretion, contraction and release
of internal heat) and its temporal evolution by total energy conserva-
tion arguments, an approach somewhat similar to Papaloizou & Nelson
(2005). We first recall that −dEtot/dt = L and that in the hydrostatic
case, the total energy is given as

Etot = Egrav + Eint = −

∫ M

0

Gm

r
dm +

∫ M

0
u dm =̇ − ξ

GM2

2R
(4)

where u is the specific internal energy, M the total mass, and R the
total radius of the planet. We have defined a parameter ξ, which repre-
sents the distribution of mass within the planet and its internal energy
content. The ξ can be found for any given structure at time t with the
equations above. Then one can write

− d
dtEtot = L = LM + LR + Lξ = ξGM

R Ṁ −
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The boundary conditions for this part of the calculation are
the same as in PT99, formally,

T (z = H) = T (τab, Tb, r, Ṁst,α), (4)

P(z = H) =
Ω2Hτab

κ(T (z = H), P(z = H))
, (5)

F(z = H) =
3

8π
ṀstΩ

2, (6)

and

F(z = 0) = 0. (7)

These conditions depend on three parameters: τab the optical
depth between the surface of the disc (z = H) and infinity,
Tb the background temperature, and Ṁst the equilibrium accre-
tion rate defined by Ṁst ≡ 3πν̃Σ where Σ ≡

∫ H

−H
ρdz is the usual

surface density, and ν̃ ≡
∫ H

−H νρdz/Σ. The values for τab and
Tb are the same as in PT99 (namely 10−2 and 10 K); the steady-
state accretion rate is a free parameter. As shown in PT99, the
structure obtained hardly varies with the first two parameters.

This system of 3 equations with 4 boundary conditions has
in general no solution, except for a certain value of H. This
value is found iteratively: Eqs. (1)–(3) are numerically inte-
grated from z = H to z = 0, using a fifth-order Runge-Kutta
method with adaptive step length (Press et al. 1992) until
F(z = 0) = 0 to a given accuracy.

Using this procedure, we calculate, for each distance to the
star r and each value of the equilibrium accretion rate Ṁst, the
distributions of pressure, temperature and density T (z; r, Ṁst),
P(z; r, Ṁst), ρ(z; r, Ṁst).

Using these distributions, we finally calculate the mid-
plane temperature (Tmid) and pressure (Pmid), as well as
the effective viscosity ν̃(r, Ṁst), the disc density scale height
H̃(r, Ṁst) defined by ρ(z = H̃) = e−1/2ρ(z = 0). The surface
density Σ(r, Ṁst) is also given as a function of Ṁst (for each
radius). By inverting this former relation, we finally obtain re-
lations Tmid(r,Σ), Pmid(r,Σ), ν̃(r,Σ) and H̃(r,Σ) for each value
of r (and each value of the other parameters α, τab and Tb).

2.1.2. Evolution of the surface density

The time evolution of the disc is governed by the well-known
diffusion equation (Lynden-Bell & Pringle 1974):

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
(ν̃Σr1/2)

]
=

1
r
∂

∂r
(rJ(r)) , (8)

where J(r) ≡ 3
r1/2

∂
∂r (ν̃Σr1/2) is the mass flux (integrated over the

vertical axis z). This equation is modified to take into account
the momentum transfer between the planet and the disc, as well
as the effect of photo-evaporation and accretion onto the planet:

dΣ
dt
=

3
r
∂

∂r

[
r1/2 ∂

∂r
ν̃Σr1/2 + Λ(r)

]
+ Σ̇w(r) + Q̇planet(r). (9)

The rate of momentum transfer Λ between the planet and
the disc is calculated using the formula derived by Lin &
Papaloizou (1986):

Λ(r) =
fΛ
2r

√
GMstar

(
Mplanet

Mstar

)2 ( r

max(|r − a|, H̃)

)4
, (10)

where a is the sun-planet distance and fΛ is a numerical con-
stant1. The photo-evaporation term Σ̇w is given by (Veras &
Armitage 2004):
{
Σ̇w = 0 for R < Rg,
Σ̇w ∝ R−1 for R > Rg,

(11)

where Rg is usually taken to be 5 AU, and the total mass loss
due to photo-evaporation is a free parameter. Finally, a sink
term Q̇planet is included in Eq. (9), to take into account the
amount of gas accreted by the planet. This term is generally
negligible compared to the other ones, except during the run-
away phases.

To solve the diffusion Eq. (9) we need to specify two
boundary conditions. The first one is given at the outer radius
of the disc (in our simulations this radius is usually taken at
50 AU). At this radius, one can either give the surface density
Σ or its temporal derivative. Since the characteristic evolution
time of the disc is the diffusion timescale

Tν ∝
r2

ν̃
∝ 1
αΩ

( r
H

)2
, (12)

which2 is proportional to r3/2 for discs of approximately con-
stant aspect ratio (which is the case in these models, see PT99)
the outer boundary condition has little influence.

The second condition is specified at the inner radius where
we have used the following condition:

r
∂ν̃Σ

∂r

∣∣∣∣∣∣
inner radius

= 0. (13)

Since the total mass flux through a cylinder of radius r is given
by:

Φ(r) ≡ 2πrJ(r) = 3πν̃Σ + 6πr
∂ν̃Σ

∂r
, (14)

the boundary condition Eq. (13) can be expressed as:

Φ(r)
∣∣∣∣
inner radius

= 3πν̃Σ = Ṁst, (15)

i.e. the mass flux through the inner radius is equal to the equi-
librium flux. Therefore, this condition is equivalent to say that
the inner disc instantaneously adapt itself to the conditions
given by the outer disc. As discussed in PT99, this is consistent
with the expression of the characteristic timescale as a function
of the radius (Eq. (12)).

2.2. Migration rate

Dynamical tidal interactions of the growing protoplanet with
the disc lead to two phenomena: inward migration and gap
formation (Lin & Papaloizou 1979, Ward 1997, Tanaka et al.
2002). For low mass planets, the tidal interaction is linear, and

1 In this formula, the disc scale height H̃ is the scale height of the
unperturbed disc, and not the scale height in the middle of the gap.

2 The second part of Eq. (12) is obtained by expressing Eq. (1) as
1
ρ

P
H ∼ Ω2H and then replacing the sound velocity by ΩH in the defi-

nition of ν.

Accretion rate in the disk 
         (flow of gas usually towards the star)

Planet cannot accrete more
than disk gives  

Gas accretion rate in runaway (Mcore>~10 ME)
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2.3 Boundary conditions

In order to solve the structure equations, boundary conditions must
be specified, which should also provide a continuous transition between
different phases. For the formation and evolution of a giant planet,
three different fundamental phases must be distinguished:

Attached (or nebular) phase

At low masses, the envelope of the protoplanet is attached continuously
to the background nebula, and the conditions at the surface of the planet
are the pressure Pneb and approximately the temperature Tneb in the
surrounding disk. The total radius R is given in this regime by roughly
the minimum of the Hill radius RH and the accretion radius RA. The
gas accretion rate is found by the solution of the structure equations and
physically given by the ability of the envelope to radiate away energy
so that it can contract (i.e. its Kelvin-Helmholtz timescale), so that
new gas can stream in (Pollack et al. 1996). In equations, we use
(Bodenheimer et al. 2000; Papaloizou & Terquem 1999)

R = RA

1+RA/RH
P = Pneb

τ = max(ρnebκnebR, 2/3) T 4
int = 3τLint

8πσR2

T 4 = T 4
neb + T 4

int l(R) = Lint.

(8)

Detached (or transition) phase

When the gas accretion obtained in this way becomes too high in com-
parison with the externally possible gas supply, the planet enters the
second phase and contracts to a radius which is much smaller than the
Hill sphere radius. This is the detached regime of high mass, runaway
gas accretion planets. The planet now adjusts its radius to the bound-
ary conditions that are given by an accretion shock on the surface for
matter falling with free fall velocity vff onto the planet from the Hill
sphere radius, or probably more realistically, by conditions appropriate
for the interface to a circumplanetary disk (Papaloizou & Nelson 2005).

In this phase, the gas accretion rate ṀXY is no more controlled by
the planetary structure itself, but by how much gas is supplied by the
disk and can bypass the gap formed by the planet in the protoplane-
tary disk, Ṁdisk (Lubow, Seibert, & Artymowicz 1999). The boundary
conditions are now

ṀXY = Ṁdisk vff = [2GM (1/R − 1/RH)]1/2

P = Pneb + ṀXY

4πR2 vff + 2g
3κ τ = max(ρnebκnebR, 2/3)

T 4
int = 3τLint

8πσR2 T 4 = (1 − A)T 4
neb + T 4

int

(9)
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4πR2 vff + 2g
3κ τ = max(ρnebκnebR, 2/3)

T 4
int = 3τLint

8πσR2 T 4 = (1 − A)T 4
neb + T 4

int

(9)

6 Mordasini et al.

2.3 Boundary conditions

In order to solve the structure equations, boundary conditions must
be specified, which should also provide a continuous transition between
different phases. For the formation and evolution of a giant planet,
three different fundamental phases must be distinguished:

Attached (or nebular) phase

At low masses, the envelope of the protoplanet is attached continuously
to the background nebula, and the conditions at the surface of the planet
are the pressure Pneb and approximately the temperature Tneb in the
surrounding disk. The total radius R is given in this regime by roughly
the minimum of the Hill radius RH and the accretion radius RA. The
gas accretion rate is found by the solution of the structure equations and
physically given by the ability of the envelope to radiate away energy
so that it can contract (i.e. its Kelvin-Helmholtz timescale), so that
new gas can stream in (Pollack et al. 1996). In equations, we use
(Bodenheimer et al. 2000; Papaloizou & Terquem 1999)

R = RA

1+RA/RH
P = Pneb

τ = max(ρnebκnebR, 2/3) T 4
int = 3τLint

8πσR2

T 4 = T 4
neb + T 4

int l(R) = Lint.

(8)

Detached (or transition) phase

When the gas accretion obtained in this way becomes too high in com-
parison with the externally possible gas supply, the planet enters the
second phase and contracts to a radius which is much smaller than the
Hill sphere radius. This is the detached regime of high mass, runaway
gas accretion planets. The planet now adjusts its radius to the bound-
ary conditions that are given by an accretion shock on the surface for
matter falling with free fall velocity vff onto the planet from the Hill
sphere radius, or probably more realistically, by conditions appropriate
for the interface to a circumplanetary disk (Papaloizou & Nelson 2005).

In this phase, the gas accretion rate ṀXY is no more controlled by
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4πR2 vff + 2g
3κ τ = max(ρnebκnebR, 2/3)

T 4
int = 3τLint

8πσR2 T 4 = (1 − A)T 4
neb + T 4

int

(9)

2. Detached phase 
- gas runaway accretion
- structure has a free outer radius
- rapid collapse of radius to ~2 RJ

- upper boundary: accretion shock 
- high mass planets 
- disk and gap formation regulate dMXY/dt
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where A is the albedo (assumed to be the same as for Jupiter) and
g = GM/R2, and for the luminosity we still have l(R) = Lint.

Evolutionary (or isolated) phase

The last phase starts when the gaseous disk disappears so that the
planet evolves at constant mass (we neglect evaporation, as the minimal
allowed semimajor axis a is 0.1 AU in the synthesis). During this phase,
we use simple standard stellar boundary conditions in the Eddington
approximation and write (e.g. Chandrasekhar 1939)

P = 2g
3κ T 4

int = Lint

4πσR2

Tequi = 280K
( a

1AU

)−
1

2
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M∗

M"

)

T 4 = (1 − A)T 4
equi + T 4
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and l(R) = Lint which is now also equal the total luminosity L. It
is clear that the long term evolution is described in a much simpler
way than in the Burrows et al. (1997, hereafter BM97) or Baraffe
et al. (2003, hereafter BC03) models which employ proper non-gray
atmospheres (see Chabrier & Baraffe 1997). We have however found
that the general agreement in terms of total luminosity or radius is
good (cf. sections 3. and 4.), with discrepancies of about a factor two
in L and ≤ 10% in R, sufficient for our purpose of population synthesis.

3. Formation of Jupiter

The formation of Jupiter is of particular importance as a benchmark
for all giant planet formation models. This is because for no other giant
planet an equally high number of detailed observational constraints ex-
ist. Figure 1 shows the formation of Jupiter in our baseline formation
simulation (nJ6), using the equations presented in the previous section.

The initial conditions for this simulation mimic J6 in P96 which in
particular means that the initial planetesimal surface density Σp is 10
g/cm3, and that the grain opacities are 2 % of the interstellar value. It is
clear that the two simulation still cannot yield exactly identical results,
as they differ in some other aspects, like the variable core density and the
inclusion of planetesimal ejection in this work, or a different equation
of state.

The simulation shown here is strongly simplified in comparison to
the calculations used in the synthesis: In the full model the onset of
limited gas accretion (and thus the detachment) as well as the final
mass of the planet results in a self-consistent way from the evolution of
the gaseous disk (Alibert et al. 2005). Here, the evolution of the disk is
switched off. Instead, we fix the maximal allowed ṀXY to 10−3M⊕/yr, a

1. Attached phase
- low mass planets (Mcore< ca.10-20 MEarth)
- pre gas runaway accretion
- structure goes smoothly to Hill or accretion radius
- boundary conditions: background nebula
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2.3 Boundary conditions

In order to solve the structure equations, boundary conditions must
be specified, which should also provide a continuous transition between
different phases. For the formation and evolution of a giant planet,
three different fundamental phases must be distinguished:

Attached (or nebular) phase

At low masses, the envelope of the protoplanet is attached continuously
to the background nebula, and the conditions at the surface of the planet
are the pressure Pneb and approximately the temperature Tneb in the
surrounding disk. The total radius R is given in this regime by roughly
the minimum of the Hill radius RH and the accretion radius RA. The
gas accretion rate is found by the solution of the structure equations and
physically given by the ability of the envelope to radiate away energy
so that it can contract (i.e. its Kelvin-Helmholtz timescale), so that
new gas can stream in (Pollack et al. 1996). In equations, we use
(Bodenheimer et al. 2000; Papaloizou & Terquem 1999)

R = RA

1+RA/RH
P = Pneb

τ = max(ρnebκnebR, 2/3) T 4
int = 3τLint

8πσR2

T 4 = T 4
neb + T 4

int l(R) = Lint.

(8)

Detached (or transition) phase

When the gas accretion obtained in this way becomes too high in com-
parison with the externally possible gas supply, the planet enters the
second phase and contracts to a radius which is much smaller than the
Hill sphere radius. This is the detached regime of high mass, runaway
gas accretion planets. The planet now adjusts its radius to the bound-
ary conditions that are given by an accretion shock on the surface for
matter falling with free fall velocity vff onto the planet from the Hill
sphere radius, or probably more realistically, by conditions appropriate
for the interface to a circumplanetary disk (Papaloizou & Nelson 2005).

In this phase, the gas accretion rate ṀXY is no more controlled by
the planetary structure itself, but by how much gas is supplied by the
disk and can bypass the gap formed by the planet in the protoplane-
tary disk, Ṁdisk (Lubow, Seibert, & Artymowicz 1999). The boundary
conditions are now

ṀXY = Ṁdisk vff = [2GM (1/R − 1/RH)]1/2

P = Pneb + ṀXY
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where A is the albedo (assumed to be the same as for Jupiter) and
g = GM/R2, and for the luminosity we still have l(R) = Lint.

Evolutionary (or isolated) phase

The last phase starts when the gaseous disk disappears so that the
planet evolves at constant mass (we neglect evaporation, as the minimal
allowed semimajor axis a is 0.1 AU in the synthesis). During this phase,
we use simple standard stellar boundary conditions in the Eddington
approximation and write (e.g. Chandrasekhar 1939)

P = 2g
3κ T 4

int = Lint

4πσR2

Tequi = 280K
( a

1AU

)−
1

2

(

M∗

M"

)

T 4 = (1 − A)T 4
equi + T 4

int

(10)

and l(R) = Lint which is now also equal the total luminosity L. It
is clear that the long term evolution is described in a much simpler
way than in the Burrows et al. (1997, hereafter BM97) or Baraffe
et al. (2003, hereafter BC03) models which employ proper non-gray
atmospheres (see Chabrier & Baraffe 1997). We have however found
that the general agreement in terms of total luminosity or radius is
good (cf. sections 3. and 4.), with discrepancies of about a factor two
in L and ≤ 10% in R, sufficient for our purpose of population synthesis.

3. Formation of Jupiter

The formation of Jupiter is of particular importance as a benchmark
for all giant planet formation models. This is because for no other giant
planet an equally high number of detailed observational constraints ex-
ist. Figure 1 shows the formation of Jupiter in our baseline formation
simulation (nJ6), using the equations presented in the previous section.

The initial conditions for this simulation mimic J6 in P96 which in
particular means that the initial planetesimal surface density Σp is 10
g/cm3, and that the grain opacities are 2 % of the interstellar value. It is
clear that the two simulation still cannot yield exactly identical results,
as they differ in some other aspects, like the variable core density and the
inclusion of planetesimal ejection in this work, or a different equation
of state.

The simulation shown here is strongly simplified in comparison to
the calculations used in the synthesis: In the full model the onset of
limited gas accretion (and thus the detachment) as well as the final
mass of the planet results in a self-consistent way from the evolution of
the gaseous disk (Alibert et al. 2005). Here, the evolution of the disk is
switched off. Instead, we fix the maximal allowed ṀXY to 10−3M⊕/yr, a
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2.3 Boundary conditions

In order to solve the structure equations, boundary conditions must
be specified, which should also provide a continuous transition between
different phases. For the formation and evolution of a giant planet,
three different fundamental phases must be distinguished:

Attached (or nebular) phase

At low masses, the envelope of the protoplanet is attached continuously
to the background nebula, and the conditions at the surface of the planet
are the pressure Pneb and approximately the temperature Tneb in the
surrounding disk. The total radius R is given in this regime by roughly
the minimum of the Hill radius RH and the accretion radius RA. The
gas accretion rate is found by the solution of the structure equations and
physically given by the ability of the envelope to radiate away energy
so that it can contract (i.e. its Kelvin-Helmholtz timescale), so that
new gas can stream in (Pollack et al. 1996). In equations, we use
(Bodenheimer et al. 2000; Papaloizou & Terquem 1999)

R = RA

1+RA/RH
P = Pneb

τ = max(ρnebκnebR, 2/3) T 4
int = 3τLint

8πσR2

T 4 = T 4
neb + T 4

int l(R) = Lint.

(8)

Detached (or transition) phase

When the gas accretion obtained in this way becomes too high in com-
parison with the externally possible gas supply, the planet enters the
second phase and contracts to a radius which is much smaller than the
Hill sphere radius. This is the detached regime of high mass, runaway
gas accretion planets. The planet now adjusts its radius to the bound-
ary conditions that are given by an accretion shock on the surface for
matter falling with free fall velocity vff onto the planet from the Hill
sphere radius, or probably more realistically, by conditions appropriate
for the interface to a circumplanetary disk (Papaloizou & Nelson 2005).

In this phase, the gas accretion rate ṀXY is no more controlled by
the planetary structure itself, but by how much gas is supplied by the
disk and can bypass the gap formed by the planet in the protoplane-
tary disk, Ṁdisk (Lubow, Seibert, & Artymowicz 1999). The boundary
conditions are now

ṀXY = Ṁdisk vff = [2GM (1/R − 1/RH)]1/2

P = Pneb + ṀXY

4πR2 vff + 2g
3κ τ = max(ρnebκnebR, 2/3)

T 4
int = 3τLint

8πσR2 T 4 = (1 − A)T 4
neb + T 4

int

(9)
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the planetary structure itself, but by how much gas is supplied by the
disk and can bypass the gap formed by the planet in the protoplane-
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the planetary structure itself, but by how much gas is supplied by the
disk and can bypass the gap formed by the planet in the protoplane-
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Fig. 5. Evolutionary sequence of the pressure-temperature pro-

files near the surface of the planet. The first profile (on the right)

corresponds to t=1 Myr, while the last one (on the left) is at t=4.6

Gyrs. The thick black lines show radiative zones. The blue dot-

ted line is the profile measured by the Galileo space probe (from

Lodders & Fegley 1998).

7. Radii

We now generalize the results from the last chapter concerning

the radius and study the radii of giant planets of different masses

and of different compositions. The goal is to validate our model

by comparison with existing work (e.g. Fortney et al. 2007 or

Baraffe et al. 2008).

We do this by performing the same combined formation and

evolution calculations as shown for Jupiter, with the only differ-

ence that we vary the initial planetesimal surface density (which

will eventually lead to different core masses) and the moment

when we terminate the gas accretion, so that we get different

total masses. Otherwise, the calculations are identical, which

means for example that our calculations apply for planets at a

distance of 5.2 AU from a solar like star.

Such calculations are shown in Fig. 6. The plot shows for

planets of final masses of 0.15, 1, 2, 5 and 10 M� the total and

core mass as a function of time. The lines for the 1 Jupiter mass

planet are the same as in sect. 6. The gas accretion rate in run-

away is 0.01 M⊕/yr in all cases. Therefore, more massive planets

reach their final mass later. It is interesting to note that all plan-

ets have a final core mass of about 33 M⊕, except for the lowest

mass planet (total mass 0.14M� = 44.5M⊕) which has a core of

about 18 Earth masses. The lower core mass in this case is due

to the fact that for this planet, gas and solid accretion are (ex-

ternally) ramped down before it reaches the gas runaway phase.

The nearly identical core mass of all other planets is in contrast

not externally imposed. It is rather a natural consequence of the

decrease of the capture radius at the moment when the planet

collapses (which happens always at the same mass, independent

of the final mass) and the ejection of planetesimals which be-

comes important as the planet grows in mass (sect. 6.2.1).

Figure 7 shows the internal pressure-temperature structure

of these planets (plus also of a 20 M� planet) at an age of 4 to

5 Gyrs. The left end of the lines corresponds to the surface of

the planet, while the right end corresponds to the envelope-core

Fig. 6. Total mass (solid lines) and core mass (dotted lines) as

a function of time for planets with final masses of 0.14, 1, 2, 5

and 10 M�. For the lowest mass planet we shut down accretion

before it passes into the runaway gas accretion regime. Note that

the four more massive planets have a nearly identical core mass,

which is not externally imposed, but a natural consequence of the

decrease of the capture radius and the increase of planetesimal

ejection.

interface. The 0.14 M� planet has near the surface a significant

radiative zone. Otherwise the planets are nearly fully convective,

and characterized by a single adiabat. Near a pressure of about 1

Mbar we see a change in slope which comes from the molecular

to metallic transition of hydrogen, also visible in a similar figure

in Guillot & Gautier (2009).

7.1. Mass-radius relation

The mass-radius relation of (giant) planets has been studied for

a long time (e.g. Zapolsky & Salpeter 1969). The interest in the

relation lies in its connection to the composition of the planet and

the state of matter in its interior. For recent reviews, see Chabrier

et al. (2009) or Fortney et al. (2010).

The general result qualitatively already found by Zapolsky

& Salpeter (1969) is that the M-R relationship in the giant planet

regime is characterized by a local maximum in R. This behavior

can be understand with polytropic models with a polytropic in-

dex that increases with mass. This change is in turn due to the in-

creasing importance of degeneracy pressure of electrons relative

to the classical coulomb contribution of ions with planet mass

(e.g. Chabrier et al. 2009). Another general result is that the ra-

dius of giant planets decreases with core mass and increases with

increasing proximity to the star (e.g. Fortney et al. 2007; Baraffe

et al. 2008).

In figure 8 we show the mass-radius relation for planets with

masses between 0.14 and 20 M�. This are the same models as

in Fig. 6 and 7. Except for the lowest mass planet with a core

of about 18 M⊕, the core mass is approximately 33 M⊕. The

radii are shown at 0.1, 1, 4.6 and 10 Gyrs. The planets were

calculated using the cold start assumption, which however plays

only a role at t = 0.1 Gyrs and for planets more massive than

1 Myr

4.6 Gyr Jupiter

1
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a system with two giants and one SE
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a system with two giants and many HSE
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a system with two giants, no SE, no HN
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a system with  four SE
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a-M diagram
starting with 10 planets
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10 vs 20 planets
starting with 20 planets
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stability of the Trojan planets
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