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P. De Chiara, G. Chiozzi* 

Physics Departclnent, University of Ferrara, 44100 Ferrara, Italy 

Analytical expressions for the weakly relativistic dielectric tensor components, Ez,), near the 

electron cyclotron frequency and harmonics are given for a loss-cone equilibrium distribu­

tion function 10 with temperature anisotropy. The dielectric tensor is given in the BBW[l] 

[Bald win, Bernstein, Weenink1 and Bekefi)2] formulations. As considered by Tamor(3], the 

relevant difference between [1] and [2] appears for anisotropic distributions, when the her­

nlitian property, respected in BBW dielectric tensor harmonic term by term, is obeyed by 

Bekefi formula only in the global sense, i.e when summed over harmonics. 

I. Introd uction 

The (relativistic)dielectric tensor et,) relevant to study the interaction between mag­

netized plasma and electromagnetic waves, (electrostatic. approximation is considered), is 

characterized by an integration over the momentum variables, e.g. P 1.. and PI! (the momen­

tum perpendicular and parallel to the external magnetic field Bo = ~Bo, a time integration 

and a infinite sum over the harmonic number of terms containing the product of two Bessel 

functions whose argument depends on P1.. (Bornatici and co-workers[4]]. In the reference 

frame where the wave vector is k = kl..!; + kll~' the BBW[l] relativistic dielectric tensor (only 

the electron component is considered) is given by: 

(1) 

where: 

(2) 

(3) 

J n( a) is the Bessel function of the first kind of order n (the harmonic number) and J~ 

its derivation with respect to the argument a = Nl..(w/wc)pl../mc; [y(n)]* is the complex 

conjugation of yen); I is the relativistic factor = JI + (p/mc)2; Nl.. (Nil) is the wave 

refractive index perpendicular (parallel) to :eo , wp == (41Tn e e2 /me) ~ and Wc = leB /mec\ are 

the plasma and the cyclotron electron frequency respectively . 

. i ! : I 
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In the Bekefi formulation the second line of Eq.(l) appears as it follows: 

(4) 

where: 

(5) 

From the eq.(5) we note that all the dielectric tensor components with an index z are 

modified. 

11. Dielectric tensor with loss-cone distribution function 

It is possible to calculate the dielectric tensor for the loss-cone distribution function of 

any order I (including temperature anisotropy) 

(6) 

by applying to the dielectric tensor for a bi-maxwellian distribution function the following 

differential operator (TII and TJ... are the parallel and perpendicular temperature respec­

tively): 

(7) 

In the weakly relativistic approximation, f ~ 1 + !(p.l../mc)2 + ~(plI/mc)2, by suitably 

applying Eq.(6) and by using the series rappresentations of J~, JnJ~ and J~ 2 (the only Bessel 

function combinations that appear in the dielectric tensor structure), the BBW formulation 

of the dielectric tensor for loss-cone distribution function reads as it follows: 

[ 

£ x:e - 1 ) 
exy = -eyx 

Cy y -1 
( 

2 ) 
2 2 +00 \ n-l +00 (+ k + I)' n wp me A..l. k n '. 

= - [-;;;] 111 L 2nn! 2:>n,k>'-t en + k)!l! -men + k) 
n=l k=O An k , 

{ 

[ ~] 2 a [ ~ ] TJ... } 
x ~.1 n+k+l(l) + Nil -8 ~J. n+k+Z(l; -T) + 

:l' ZII 2' 11 

_ [WPJ,2 mc2 ~ Ak- 1 (k + I)! [ 0 ) 
T L.J CO,k..l. kIll 0 

w 11 k=2 . . Ao k , 

{ 
(0] () 2 8 [0] T.l.. } 

X .6.1. k+l I + Nil -{) ~~ k+l( lj -;n- ) 
2' Zll 2' 111 

(8) 

• i ~ : ! 

2 

In the Bekefi formulation the second line of Eq.(l) appears as it follows: 

(4) 

where: 

(5) 

From the eq.(5) we note that all the dielectric tensor components with an index z are 

modified. 

11. Dielectric tensor with loss-cone distribution function 

It is possible to calculate the dielectric tensor for the loss-cone distribution function of 

any order I (including temperature anisotropy) 

(6) 

by applying to the dielectric tensor for a bi-maxwellian distribution function the following 

differential operator (TII and TJ... are the parallel and perpendicular temperature respec­

tively): 

(7) 

In the weakly relativistic approximation, f ~ 1 + !(p.l../mc)2 + ~(plI/mc)2, by suitably 

applying Eq.(6) and by using the series rappresentations of J~, JnJ~ and J~ 2 (the only Bessel 

function combinations that appear in the dielectric tensor structure), the BBW formulation 

of the dielectric tensor for loss-cone distribution function reads as it follows: 

[ 

£ x:e - 1 ) 
exy = -eyx 

Cy y -1 
( 

2 ) 
2 2 +00 \ n-l +00 (+ k + I)' n wp me A..l. k n '. 

= - [-;;;] 111 L 2nn! 2:>n,k>'-t en + k)!l! -men + k) 
n=l k=O An k , 

{ 

[ ~] 2 a [ ~ ] TJ... } 
x ~.1 n+k+l(l) + Nil -8 ~J. n+k+Z(l; -T) + 

:l' ZII 2' 11 

_ [WPJ,2 mc2 ~ Ak- 1 (k + I)! [ 0 ) 
T L.J CO,k..l. kIll 0 

w 11 k=2 . . Ao k , 

{ 
(0] () 2 8 [0] T.l.. } 

X .6.1. k+l I + Nil -{) ~~ k+l( lj -;n- ) 
2' Zll 2' 111 

(8) 

• i ~ : ! 

2 



(9) 

[ 
w p ] 2 [ TU ] [W P ] Z mc

2 ~ -X 1 ~ k (n + k + l) 1 
C: zz - 1 = - -::; 1 - TJ... 8l. 0 - -:; TJ... ~ 2nn! ~ Cn,kAJ... (n + k)!l! 

{ 
f) ([+] ) 2 a [ 8 1 [-] . T1.. } 

x aNI I NIl~~,n+k+l(l) + Nil aZ
II 

2 + aN11 (Nil) ~~,n+k+l(l, T;i) + 

_ [Wp]2 mc
2 ~ C Ak (k + l)! 

T D O,k 1.. kll' 
W 1.. k=O .• 

{ a ( [0] ) 2 f) [ a 1 [o} • T 1.. } x aN NII~~ k+Z(l) + N II -a 2 + ~N (Nil) 6.§. k+/ l ) -T ) 
11 2' ZII u 11 2' 11 

(10) 

where the 81,0 recovers the 1 = 0 (bi-maxwellian) system, zll == (1 - n~ )mc2 /T!!, .\1.. == Ni 

x [:c ]2TJ.../mc2
, (the bar defines normalization by wc), and: 

A = [(2n + k)(2n + k -1) + k(k + l)J(n + k) + 2k(2n + k)(n + k -1) 
n,k - 2[2(n + k) - 1] 

(-1)kn![2(n+ k)!] 
Cn,k =2k(n + k)!(2n + k)!k! (11) 

~ (±,O) (1 TJ...) ==(1 _ TJ... )W(±,O) _ _ l_W(±')O 
q,m+l 'TU - TII q,m+l+l 1 + m q,m+l 

~ (±,o) (l) =W(±,O) _ _ 1_W(±'o) 
q,rn+l - q,m+l+l I + m q,m+Z (12) 

The WJ;'O) are combinations of the genaralized (to temperature anisotropy) Shkarofsky[5J 

dispersion functions Wq\p(zU, Nllmc2 /2TII )= 

(13) 

as it follows: 
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As far as the Bekefi formulation is concerned, that is the proper one to consider any 

anisotropic system,( only in the non relativistic, NIl ~~:l ~ [5], asymptotic limit the BBW 

formulae work for very strog anisotropy,e.g. ~ ~) Eqs.(9),(lO) are so modified: 

(15) 

(16) 

The above expressions coincide with [4], i.e., in the weakly relativlstic, 1=0 thermal plasma 

case. 
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