Teacher’s guide

Introduction

Goal: The principal goal of this exercise is to determine the mass of the black hole at the centre of our own Milky Way. The underlying intent is to explain the basic properties of black holes and to counter some misconceptions about them.

Pre-requisite knowledge: A firm grasp of basic mathematics and some idea of ellipses and Kepler’s Laws on orbits, although the both the latter are discussed in the exercise.

Optional exercises: Exercises 1, 2 and 8 are indicated as optional because they are not essential for understanding basic black hole properties and estimating the mass of the black hole at the centre of the Milky Way. 
Sources for material: 

This exercise is based mainly on the observations of S2 presented in the article Schödel, R., Ott, T., Genzel, R., Eckart, A., Mouawad, N., & Alexander, T. 2003, Astrophysical Journal, 596, 1015 which is available from the website of the Astrophysical Journal (subscription needed). Alternatively, a similar version of the article can be obtained at http://xxx.lanl.gov/abs/astro-ph/0306214  (no subscription needed). As discussed in the exercise, to infer the mass of the black hole at the centre of the Milky Way one needs to determine the period and the semi-major axis of the stellar orbit. These measurements should be made in the plane of the orbiting star. The observed locations listed and shown in Schödel  et al. (2003) are in the plane of the sky. However Table 1 in the exercise lists the coordinates in the plane of the orbit. These results were computed by rotating and deprojecting the coordinate system used in Schödel et al. (2003).   

Feedback:

Please do not hesitate to contact us 
(author, Gijs Verdoes Kleijn, email: gverdoes@eso.org and 
the Hubble European Information Centre: lars@eso.org) with  specific questions or for more general information about the exercise. 

We would very much appreciate feedback on the exercise so that we can improve subsequent versions.

Solution of exercises:

Exercise 1 (optional)

Have the students isolate y on one side of the equation (x/a)2+(y/b)2=1 and substitute values for x in the expression on the other side. They should use a=10 and b=5 and plot the result in the (x,y) plane. The resulting graph should be an ellipse with semi-major axis 10 and semi-minor axis 5. They should then repeat the plotting exercise with a=10 and b=2. This should make clear to them that a and b correspond to the semi-major and semi-minor axis respectively. Finally, they should repeat the plotting exercise using a=10 and b=10 to realize that a circle is a special kind of ellipse.


Exercise 2 (optional)

Have the students use P2 = 4 π2 a3 / (G (m1+m2)). Let them isolate (m1+m2) on one side of the equation. The variables a and P are given in the exercise. The result should be the combined mass of the Sun and Earth (m1+m2) = 2.0 1030kg.
Exercise 3

The students should plot all positions listed in Table 2 on a piece of graph paper to scale or use a plotting routine from a computer program. The plot should look similar to Figure 1 below. NB: It is important to use graph paper if method A is to be used in exercise 4.

Students should also indicate the uncertainty on the x and y position for each point. Alternatively (to save time), the teacher can provide a graph with the positions. The students should draw the ellipse that best matches these measurements by eye. The ellipse does not have to go through the points exactly because of the uncertainties in the positions. The students can measure the semi-major axis (possibly taking into account different scales of x and y axis). The student should convert the result from angular size to physical size.
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Figure 1: schematic view of the observed locations of S2 in the orbital plane.

The precise value from a mathematical fit (see Schödel  et al. 2003) gives a semi-major axis of the orbit of S1 = 5.4 +/-0.4 light days. The students should realize that they probably have under (or overestimated) their uncertainty if the difference between their result and the precise mathematical value is much larger (or smaller) than their estimated uncertainty.
Exercise 4

This problem can be solved by any of the three offered methods. See also the exercise itself for details for each method. 
Method A: from the plot in exercise 3 the student should draw lines from the origin to the 19 S2 positions. The area of each of the 18 orbital segments can be determined graphically by counting the squares. The precise period of the orbit of S1 =15.7 +/-0.7 yr, given in Schödel  et al. (2003). 
Method B: be sure to use an accurate enough scale.

Method C: no comments

Exercise 5

Have the students use P2 = 4 π2 a3 / (G (m1+m2)). Isolate m1+m2. The variables a and P should have been derived by the students in exercise 3 and 4. The student should obtain a result of about 6.5·1036 kg (+/- 2.0·1036 kg) for (m1+m2), which is 3.3·106 +/-1.0·106 solar masses.
 

Exercise 6

The students should derive the number of suns Nsun from:
 Nsun= [mass(black hole) from exercise 5] / [mass of sun (=1.989·1030 kg)] = 3.3·106 

Following this they should compute the expected luminosity from these Suns by multiplying the given luminosity of the Sun by Nsun, i.e., Nsun · 4 · 1026 W=1.24e33 Watt

The students should now compute the apparent magnitude (m_app) of the Sun at the centre of the Milky Way using the distance modulus. Magnitudes and modulus are explained in the Astronomical Toolkit of the Astro-exercises. This will yield m_app=M_abs+5.log(D (pc))-5= 19.3. The absolute magnitude of the Sun M_abs and the distance to the Milky Way centre D are given in the exercise. 

Lastly, the students have to compute the apparent magnitude (m_app_nsun) of Nsun suns at Milky Way centre.  They can do this as m_app_nsun=m_app-2.5log(Nsun)=3.1.
This formula can be derived from the definition of apparent magnitude given in the astronomical toolkit.

Exercise 7
The students should compute the escape velocity from the earth using the formula given in the exercise: Vesc = √(2Gm/r)= 11.3 km/s. The mass of the Earth (m) and the radius (r) are given in the exercise.

Then the students should recompute the escape velocity for Earth similarly, but using a radius=0.5cm. This will yield an escape velocity =  4.0 ·108 m/s.

Lastly, the students can compute the escape velocity from Earth if its mass were to be 2.2e3 Msun=4.37580 1033kg. This yields an escape velocity= 3.0 ·108 m/s.
Exercise 8 (optional)
The students should compute their own radius if they were a black hole by rewriting the formula for the escape velocity: r= 2.0Gm/Vesc2. The student should then fill in their mass (m) and the speed of light (299792.458 km/s). For a body mass m=60kg, the result is 8.9 · 10-26 m.

