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Chapter 4 – Sub-Keplerian accretion onto circumstellar disks

Abstract
Context. Models of the formation, evolution and photoevaporation of circumstellar disks are an
essential ingredient in many theories of the formation of planetary systems. The ratio of disk mass
over stellar mass in the circumstellar phase of a disk is for a large part determined by the angular
momentum of the original cloud core from which the system was formed. While full 3D or 2D
axisymmetric hydrodynamical models of accretion onto the disk will automatically treat all aspects
of angular momentum, this is not so trivial for 1D viscous disk models.
Aims. Since 1D disk models are still very useful for long-term evolutionary modelling of disks
with relatively little numerical effort, we wish to investigate how the 2D nature of accretion affects
the formation and evolution of the disk in such models. A proper treatment of this problem also
requires a correction for the sub-Keplerian velocity at which accretion takes place.
Methods. We develop an update of our 1+1D time-dependent disk formation and evolution model
that properly treats the sub-Keplerian accretion of matter onto the disk. The model also accounts
for the effects of the vertical extent of the disk on the infall trajectories.
Results. The disks produced with the new method are smaller than those obtained previously, but
their mass is mostly unchanged. The new disks are a few degrees warmer in the outer parts, so
they contain less solid CO. Otherwise, the results for ices are unaffected. The 2D treatment of the
accretion results in material accreting at larger radii, so a smaller fraction comes close enough to the
star for amorphous silicates to be thermally annealed into crystalline form. The lower crystalline
abundances thus predicted correspond more closely to the abundances found observationally. We
argue that thermal annealing followed by radial mixing must be responsible for at least part of the
observed crystalline material.
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4.1 Introduction
With the enormous increase in the amount of high-quality observational data of circumstellar disks in the last few years, a picture is now gradually emerging of how these objects
evolve in time (Jørgensen et al. 2007, Looney et al. 2007, Lommen et al. 2008, SiciliaAguilar et al. 2009). They form during the collapse of a pre-stellar cloud core, undergo a
number of accretion events (FU Orionis and EX Lupi outbursts), live for 3 to 10 Myr, and,
shortly before they are destroyed, open up huge gaps visible in the dust continuum and
sometimes also in gas lines (D’Alessio et al. 2005, Goto et al. 2006, Brittain et al. 2007,
Ratzka et al. 2007, Brown et al. 2008, Pontoppidan et al. 2008a). These physical changes
are echoed in the evolution of their chemical composition and dust properties. Pre-stellar
cores contain mostly simple hydrides, radicals and other small molecules, largely frozen
out onto the cold dust grains (Bergin & Langer 1997, Lee et al. 2004). A fully formed
circumstellar disk is predicted to contain a much richer chemical mixture with a wide
variety of complex organic molecules (Rodgers & Charnley 2003, Aikawa et al. 2008),
although only simple organics have been observed so far (Lahuis et al. 2006, Carr & Najita 2008, Salyk et al. 2008). The dust by this time has grown from less than a micron to
millimetres and centimetres, and part of it has evolved from an amorphous to a crystalline
structure (Bouwman et al. 2001, 2008, van Boekel et al. 2005, Natta et al. 2007, Lommen
et al. 2007, 2009, Watson et al. 2009, Olofsson et al. 2009). Crystalline silicate dust is
observed down to temperatures of 100 K, well below the threshold of 800 K required to
convert amorphous silicates into crystalline form. One of the central questions of this
chapter is how much silicate material comes close enough to the star to be crystallised.
We also investigate how the crystalline silicates end up so far outside of the hot inner disk
where they appear to be formed.
One way to answer these questions is to construct detailed models of the evolution
of circumstellar disks based on our current understanding of the physics of these objects,
and then compare to the available observational data. However, it would require extraordinarily heavy computations to run a model that does justice to all physical processes
known to be involved. A circumstellar disk ranges from a few stellar radii to hundreds
of AU, and lasts for several million years. A full model would therefore have to resolve
hundreds of millions of inner orbits, and span some five orders of magnitude on a spatial
scale. Moreover, an accurate radiative transfer method is required to properly compute the
temperatures. All this is clearly too demanding. Most multidimensional hydrodynamical
simulations therefore solve sub-problems that only capture part of the disk, or only evolve
over a limited time. Even these models, though, require days or weeks of CPU time for a
single set of parameters.
An alternative approach is to parameterise most of the physics in some form, and
treat the disk evolution as a simpler one-dimensional (1D) time-dependent problem. One
assumes axisymmetry and integrates the density vertically to obtain the surface density
Σ, which is now only a function of the radial coordinate R and the time t. These kinds
of models go back to the pioneering work by Shakura & Sunyaev (1973) and LyndenBell & Pringle (1974). In order to use these models throughout the disk’s lifetime, some
way must be found to also include the birth phase of the disk in a reasonably realistic
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way. Two-dimensional axisymmetric hydrodynamical models of disk formation show
the presence of a stand-off shock that decelerates the supersonically infalling matter as
it approaches the disk from above and below (e.g., Tscharnuter 1987, Yorke et al. 1993,
Neufeld & Hollenbach 1994). The structure of this stand-off shock is clearly multidimensional in the outer regions, but may be approximated in a simpler manner in the inner
regions (Nakamoto & Nakagawa 1994). Hueso & Guillot (2005) constructed a 1D disk
evolution model with such an approximation and used it to analyse two T Tauri stars.
This showed that simple models of disk formation and evolution can be very powerful
and yield valuable insight into the evolutionary stage of young stellar objects. Similar
models have also been used to analyse the statistics of the accretion rates measured in
pre–main-sequence stars (Dullemond et al. 2006b, Vorobyov & Basu 2008).
Another problem addressed with these 1D parameterised models is the origin, evolution and transport of gas and dust in circumstellar disks. For instance, Dullemond et al.
(2006a, hereafter DAW06) suggested that the initial outward expansion of the disk during
the disk formation phase (observationally the Class 0/I phase) may be very effective in
transporting thermally processed dust to the outer parts of the disk. Based on that work,
one would expect to find a number of disks with nearly 100% crystalline dust. However,
no such extremely crystalline disks are observed (Bouwman et al. 2008, Watson et al.
2009). This is one of the issues addressed in this chapter.
In Chapter 2, we showed yet another application of 1D disk evolution models. We
followed the envelope material from thousands of AU inwards, through the accretion
shock and into the disk, to analyse when ices evaporate and recondense on the grains.
Since much of the interesting physics happens in the outer regions of the disk (several
hundred AU), where the accretion shock no longer has a simple 1D shape, some way had
to be found to include the 2D axisymmetric nature of this region without having to resort
to a full-scale multidimensional hydrodynamical simulation. Our recipe was to construct
a semi-2D disk model, i.e., to generate the 2D density structure ρ(R, z, t) (where z is the
vertical coordinate away from the midplane) out of the 1D surface density Σ(R, t) using
the disk temperature to compute the scale height at every radius. The accretion onto the
disk was then modelled by following infalling matter on ballistic supersonic trajectories
until its density equals the density of the disk. This yields a 2D axisymmetric shape of the
stand-off shock that is similar to that obtained by full 2D axisymmetric hydrodynamical
models (Yorke et al. 1993, Brinch et al. 2008a). However, it is not trivial to link this type of
multidimensional infall structure back to the 1D disk evolution model. The main obstacle
is that a substantial fraction of the matter does not really fall onto the disk’s surface but
onto the disk’s outer edge, i.e., it accretes from the side instead of from the top. Moreover,
this matter will rotate with a very sub-Keplerian velocity. If this is not treated in some
way, the total angular momentum balance of the system is violated, potentially leading
to very wrong estimates of the evolution of the disk mass with time. We devised an adhoc solution to this problem in Chapter 2 (Eq. (2.20)), which gave reasonable results but
did not properly conserve angular momentum. We derive a more rigorous solution in the
current chapter.
The problem of sub-Keplerian accretion onto a disk is not studied here for the first
time. It has long been known that material falling in an elliptic orbit onto the surface of
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the disk has sub-Keplerian angular momentum, even in the case of infinitely flat disks.
When mixing with the disk material, which is in Keplerian rotation, a torque is exerted
that pushes the disk material in towards the star. Cassen & Moosman (1981) described this
problem and solved it elegantly. For disks without internal torque and with small vertical
extent, they found an analytical solution for the disk surface density as a function of
time, and they also presented numerical results for viscous disks. Hueso & Guillot (2005)
derived an alternative solution: they simply calculated the radius for which the specific
angular momentum of the infalling matter is Keplerian, and inserted the matter into the
disk at that radius. This is not unreasonable, because one may assume that the material,
after it hits the surface of the disk, will first adjust its own orbit before it mixes with the
disk material below. It may be argued that as long as the angular momentum budget it
not violated, the disk evolution is not much affected by the precise treatment. However,
if one wishes to follow the radial motion and mixing of certain chemical species or types
of dust, this may depend more sensitively on the way the angular momentum problem is
treated.
In this chapter we add a consistent treatment of sub-Keplerian semi-2D accretion to a
1D model for the formation and viscous evolution of a disk (Sect. 4.2). Some basic disk
properties arising from the new treatment are discussed in Sect. 4.3, and the results from
Chapter 2 are briefly revisited in Sect. 4.4. The dust crystallisation results from DAW06
are re-evaluated in Sect. 4.5, and finally conclusions are drawn in Sect. 4.6.

4.2 Equations
The model describes the formation and evolution of a circumstellar disk inside a collapsing cloud core. The disk’s surface density is governed by two processes: accretion of
material from the envelope and viscosity-driven diffusion. This requires the continuity
equation
∂(ΣR) ∂(ΣRuR )
+
= RS ,
(4.1)
∂t
∂R
with uR the radial velocity and S the source function that accounts for accretion from
the envelope. In addition to conservation of mass, ensured by Eq. (4.1), there must be
conservation of angular momentum (Lynden-Bell & Pringle 1974):
!
∂(ΣΩK R3 ) ∂(ΣΩK R3 uR )
∂ΩK
∂
ΣνR3
+ S ΩR3 ,
(4.2)
+
=
∂t
∂R
∂R
∂R
with ΩK the Keplerian rotation rate. We employ the α description (Shakura & Sunyaev
1973) for the viscosity, so the viscosity coefficient ν is given by
ν(R, t) =

αkT m
,
µmp ΩK

(4.3)

with T m the midplane temperature and µ the mean molecular mass of 2.3 nuclei per hydrogen molecule.
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In the last term in Eq. (4.2), belonging to the accreting material, the rotation rate Ω is
smaller than ΩK . If accretion would occur with the Keplerian velocity, Eq. (4.2) can be
solved to give the expression for uR used by DAW06. Working from that solution, two
methods have been used in the recent literature to correct for the sub-Keplerian velocity of
the accreting material. Hueso & Guillot (2005) and DAW06 modified the source function
so that all incoming material accretes at the exact radius where its angular momentum
equals that of the disk. One might picture this as a quick redistribution of material in
the top layers of the disk after accretion initially occurred in a sub-Keplerian manner. A
disadvantage of this method is that it introduces a discontinuity in the infall trajectories:
upon accretion onto the disk, material instantaneously jumps to a smaller radius. Hence,
in Chapter 2 we chose to modify the expression for the radial velocity instead of that for
the source function, taking
3 ∂  √ 
uR (R, t) = − √
Σν R − ηr
Σ R ∂R

r

GM∗
,
R

(4.4)

with M∗ the stellar mass and ηr a parameter with a constant value of 0.002. While this
method has the desired effect of transporting material to smaller radii without discontinuities, it does not properly conserve angular momentum.
As an alternative to these two methods, Eq. (4.2) can also be solved more generally
for the case that Ω < ΩK , giving
3 ∂  √  2RS ΩK − Ω
Σν R −
.
uR (R, t) = − √
Σ
ΩK
Σ R ∂R

(4.5)

Expressions for Ω (or, rather, for the azimuthal velocity) may be found in Cassen &
Moosman (1981) and Terebey et al. (1984). Equations (4.1) and (4.5), together with the
standard expressions for S (e.g., Chapter 2), now describe a fully continuous solution to
the evolution of the surface density with proper conservation of angular momentum. A
physical interpretation of Eq. (4.5) is provided in Sect. 4.3.
The boundary between the disk and the envelope was computed in Chapter 2 as the
surface where the density from both was the same. Here, we take instead the surface
where the ram pressure of the infalling gas equals the thermal gas pressure from the disk:
ρenv u2 =

kT ρdisk
µmp

(4.6)

with u the velocity of the infalling material. The use of the isobaric surface as the diskenvelope boundary instead of the isopycnic surface can have some effect on the model
results, but, as shown in the next sections, the effects of the new treatment of the subKeplerian accretion are usually much larger. In the remainder of this chapter, we exclusively use the new method presented in this section. The rest of the model is described by
DAW06 and in Chapter 2.
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4.3 Size and mass of the disk
The net effect of the rightmost terms in Eqs. (4.4) and (4.5) is the same: to provide an
additional inward flux of matter. However, the radial dependence of the additional flux
is different. In the old method (Eq. (4.4)), it was largest at the inner edge of the disk
because of the R−1/2 proportionality. In the new method, on the other hand, it is strongest
at the outer edge of the disk because of the sharp decrease in surface density at that
point. Physically, the new dependence is easy to understand. Near the disk’s inner edge,
accretion occurs into a large column of material, and the torque arising from the different
azimuthal velocities only results in a weak inward push. The same torque provides a
much stronger push at the outer edge, where there is less disk material per unit surface. In
effect, the material falling onto the disk’s outer edge pushes the disk inwards and limits
its radial growth.
In order to quantify the size of the disk, we first have to define the outer edge Rd .
Since the equations allow an infinitesimal part of the disk to spread to an infinitely large
distance, we cannot simply use the full radial extent of the disk as its outer edge. Instead,
we define Rd as the radius that contains 90% of the disk’s mass.
With the new method, the disk’s outer edge initially lies beyond the centrifugal radius
(Rc ). It grows more or less linearly in time as the disk spreads out to conserve the angular
momentum of the entire system. The centrifugal radius grows as t3 , so the ratio Rd /Rc
decreases as the collapse goes on. If the rotation rate is high enough, the centrifugal radius
overtakes the outer edge of the disk before the end of the collapse. For the remainder of
the collapse phase, Rd equals Rc , because the disk cannot be smaller than the centrifugal
radius (Cassen & Moosman 1981). If the rotation rate is low enough that the centrifugal
radius does not overtake the outer edge of the disk before the end of the collapse, Rd
continues its near-linear growth until tacc . After accretion from the envelope has ceased
and the inward push from the accreting material is no longer present, the disk is free to
expand more rapidly. Its outer edge again grows linearly in time in both the high- and
low-rotation cases, and does so at a higher rate than in the initial linear-growth regime.
Figure 4.1 shows the outer edge as a function of time for the standard model from
Chapter 2, which has a low initial rotation rate Ω0 of 10−14 s−1 . The disk grows to about
40 AU at the end of the collapse phase at tacc = 2.5 × 105 yr, and it spreads to ten times
that size over the next 7.5 × 105 yr. The method from Chapter 2 (labelled “old” in Fig.
4.1) provides a more rapid growth during the collapse phase, giving an Rd of 230 AU at
tacc . The post-infall spreading occurs at the same rate as in the new method. We find the
same qualitative differences and similarities between the old and the new method for the
rest of the parameter grid from Chapter 2.
Is the smaller disk from the new method a realistic scenario? Our model necessarily assumes uR to be the same at all heights above the midplane. In reality, one might
expect the infalling material to interact mostly with the surface of the disk, exerting its
torque on only a fraction of the total surface density. This pushes the surface material
radially inwards, while material near the midplane is unaffected. Indeed, the hydrodynamical simulations of Brinch et al. (2008a) show such behaviour, with material near the
surface moving inwards and material at the midplane moving outwards. However, as this
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Figure 4.1 – Outer disk radius as a function of time for the standard model from Chapter 2. Solid:
method from the current chapter; dashed: method from Chapter 2. The dash-dotted curve shows the
centrifugal radius, and the dotted line indicates the end of the envelope accretion phase. Note that
Rc is a physical quantity only up to tacc ; for larger t, we simply plot the same mathematical function.

midplane material moves out beyond the outer edge, it becomes surface material itself,
and is in turn exposed to the inward push from the envelope material. The new method
may underestimate the outer radius by a factor of two or three because of the altitudeindependence of uR , but it produces a more realistic value than does the old method.
Although the disks are smaller with the new method, they are not necessarily less
massive. In fact, we find a rather large mass increase for the standard model from Chapter
2: from 0.05 to 0.13 M⊙ at the end of the collapse phase. There are three causes for this,
each of which accounts for 0.02–0.03 M⊙ : (1) the new definition of the disk-envelope
boundary (Eq. (4.6)); (2) the new sub-Keplerian correction (Eq. (4.5)); and (3) an improved integration scheme in the computational code. The effects are smaller for more
rapidly rotating clouds. For example, the disk mass obtained for the reference model from
Chapter 2 (Ω0 = 10−13 s−1 ) is unchanged at 0.43 M⊙ .

4.4 Gas-ice ratios
During the collapse of the pre-stellar core to form a protostar and circumstellar disk, large
changes occur in both density and temperature. Many molecular species are frozen out
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onto dust grains before the onset of collapse (Bergin & Langer 1997, Lee et al. 2004).
The warm-up phase during the collapse causes some of them to evaporate, and they may
freeze out again once material settles near the disk’s relatively cold midplane. In Chapter
2, we modelled these processes for carbon monoxide (CO) and water (H2 O). Here, we
investigate whether our new sub-Keplerian accretion correction affects these results.
The model consists of several steps. First, it computes the 2D axisymmetric density
and velocity structure at regular intervals from the onset of collapse (t = 0) to the point
where the entire envelope has accreted onto the star and disk (t = tacc ). Dust temperatures are computed at the same time intervals with the radiative transfer code RADMC
(Dullemond & Dominik 2004a), and the gas temperature is assumed equal to the dust
temperature. Using the velocity structure, the model then computes infall trajectories
from a grid of initial positions in the envelope. Each trajectory represents an individual
parcel of gas and dust, for which we now know the density and temperature as a function
of time and position. This allows us to compute the adsorption and desorption rates of
CO and H2 O, and solve for their gas and ice abundances in a Lagrangian frame. Finally,
the parcels’ abundances are transformed back into 2D axisymmetric abundance profiles
for the disk and remnant envelope.
As discussed in Sect. 4.3, the main difference between the disk properties from Chapter 2 and the new method is the size of the disk. Because the mass has increased or stayed
the same (depending on the model parameters), the density of the disk is now higher.
Hence, the dust temperature along the midplane decreases more rapidly. For example, at
t = tacc in the reference model from Chapter 2 (Ω0 = 10−13 s−1 ), the temperature at 30 AU
is 45 K. With the new method applied to the same initial conditions, the temperature is
down to 31 K at that point. The midplane temperature decreases further with radius until
it reaches 21 K at 160 AU with the new method. At larger radii, photons scattering off
the surface of the disk begin to reach the midplane again and the temperature gradually
increases to 25 K at the outer edge at 500 AU.
If all CO is taken to desorb at 18 K, as it would for a pure CO ice, the new temperature
profile does not allow for any solid CO to exist in this particular model at tacc . At later
times, when the disk has spread to larger sizes and the protostar has become less luminous
(Chapter 2), there appears a region around the midplane where the temperature does go
below 18 K and CO freezes out again. In reality, solid CO forms a mixture with solid
H2 O, and some of the CO remains trapped in the ice matrix at temperatures above 18 K
(Collings et al. 2004, Viti et al. 2004, Fayolle et al. in prep.). When the gas-ice ratios are
computed accordingly, the mass fraction of solid CO averaged over the entire disk at tacc
goes from 33% with the old method to 20% with the new method.
The gas-ice ratios for pure CO in the standard model from Chapter 2 (Ω0 = 10−14 s−1 )
are unchanged. With both the old and the new method, the entire disk is warmer than 18
K at tacc , so there is no solid CO. If we allow part of the CO to be trapped in the H2 O ice,
the disk-averaged solid fraction is 15% with both the old and the new methods.
In summary, the new treatment of the sub-Keplerian accretion results in disks that
are a few degrees colder in the inner parts and a few degrees warmer in the outer parts.
Overall, the new CO ice abundances are up to 50% smaller than those obtained with the
old method. In all cases, H2 O remains solid in the entire disk except for the inner few AU.
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4.5 Crystalline silicates
4.5.1 Observations and previous model results
Infrared spectroscopic observations have shown that about 1–30% of the silicate dust
in the disks around Herbig Ae/Be and classical T Tauri stars occurs in crystalline form
(Bouwman et al. 2001, 2008, van Boekel et al. 2005). Even larger fractions (up to 100%)
are found in the inner 1 AU of some sources (Watson et al. 2009). The interstellar medium,
from which this dust originates, has a crystalline fraction of at most 1–2% (Kemper et al.
2004, 2005). Two mechanisms are thought to dominate the conversion of amorphous silicates into crystalline form during the formation and evolution of a circumstellar disk. At
temperatures above ∼1200 K, the original grains evaporate (Petaev & Wood 2005). When
the gas cools down again, the silicates recondense in crystalline form (Davis & Richter
2003, Gail 2004). Alternatively, amorphous dust can be thermally annealed into crystalline dust at temperatures above ∼800 K (Wooden et al. 2005). As the disk is formed
out of the parent envelope, part of the infalling material accretes close enough to the star
that it is heated to more than 800 or 1200 K and can be crystallised. However, the observations show significant fractions of crystalline dust at least out to radii corresponding
to a temperature of 100 K. Crystalline dust is also found in comets, which are formed in
regions much colder than 800 K (Wooden et al. 1999, Keller et al. 2006). This suggests an
efficient radial mixing mechanism to transport crystalline material from the hot inner disk
to the colder outer parts (Nuth 1999, Bockelée-Morvan et al. 2002, Keller & Gail 2004).
An argument against large-scale radial mixing was recently provided by spatially resolved observations with the Spitzer Space Telescope. Bouwman et al. (2008) found a
clear radial dependence in the relative abundances of forsterite and enstatite, two common specific forms of crystalline silicate. If both are formed in the hot inner disk and
then transported outwards, one would expect the same relative abundances throughout
the entire disk. Hence, the observed radial dependence argues in favour of a localised
crystallisation mechanism such as heating by shock waves triggered by gravitational instabilities (Harker & Desch 2002, Desch et al. 2005). However, the observations do not
completely rule out the possibility of crystallisation in the hot inner disk followed by
radial mixing; at best, they provide an upper limit to how much crystalline dust can be
formed that way.
In another set of Spitzer observations, crystalline spectroscopic features in the 20–30
µm region were detected three times more frequently than the crystalline feature at 11.3
µm (Olofsson et al. 2009). This is unexpected, because shorter wavelengths trace warmer
material at shorter distances from the protostar, where all models predict the crystalline
fractions to be larger. The 11.3 µm feature may be partially shielded by the amorphous
10 µm feature, but Olofsson et al. showed that this alone cannot explain the observations.
A full compositional analysis (Olofsson et al. in prep.) is required to shed more light on
this “crystallinity paradox”.
In the model of DAW06, crystallisation occurs right from the time when the disk is
first formed. Indeed, because the disk is still very small at that time, its dust is hot and
nearly fully crystalline. As the collapse proceeds and the disk’s outer radius grows, an ever
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larger fraction of the infalling material does not come close enough to the star anymore
to be heated above 800 K. In the absence of strong shocks, this results in amorphous dust
being mixed in with the crystalline material. Hence, the crystalline fraction averaged over
the entire disk is expected to decrease with time. There is tentative observational support
for an age-crystallinity anticorrelation (van Boekel et al. 2005, Apai et al. 2005), but this
is far from conclusive (Bouwman et al. 2008, Watson et al. 2009). One should of course
consider the fact that observations do not probe the entire disk. If the model results from
DAW06 are interpreted over a limited part of the disk, such as the 10–20 AU region, they
show only a small difference in the crystalline fractions at 1 and 3 Myr. Add to that the
uncertainties in the ages for individual objects, and it is clear that the model results cannot
be said to conflict the observational data.
The crystalline fractions obtained by DAW06 were all on the high end of the observed
range of 1–30%, unless unreasonably high initial rotation rates were adopted for the envelope or the disk temperature was lowered artificially. If we accept that only part of the
silicates in the outer disk originate in the hot inner region – so the other part, formed in
situ, can account for the observed radial abundance variations – the discrepancy between
the DAW06 model and the observations becomes even larger. In the following, we show
that we obtain more realistic crystalline fractions with our new method.

4.5.2 New model results
The two main differences between the old method of DAW06 and our new method are
(1) the treatment of the disk as a multidimensional object instead of just a flat accretion
surface and (2) the improved solution to the problem of sub-Keplerian accretion (Sect.
4.2). The former has the largest impact on the crystallisation. In case of a fully flat
disk, material falls in along ballistic trajectories until it hits the midplane at or inside the
centrifugal radius. If the vertical extent of the disk is taken into account, the infalling
material hits the disk before it can flow all the way to the midplane. Because part of
the disk often spreads beyond the centrifugal radius, especially at early times (Fig. 4.1),
accretion now occurs at much larger radii. This is visualised in Fig. 4.2, which shows the
mass loading onto the disk at 2.0 × 105 yr (0.23 tacc ) after the onset of collapse. The model
parameters are those of the default model of DAW06: an initial envelope mass of 2.5 M⊙ ,
a rotation rate of 1 × 10−14 s−1 , and a sound speed of 0.23 km s−1 . The centrifugal radius
at 2.0 × 105 yr is 2.2 AU, but the disk has already spread to 32 AU. Accretion occurs
across the entire disk, although most mass falls in at small radii.
If the vertical structure of the disk is ignored when calculating the source function, as
happened in the old method of DAW06, the infall trajectories continue along the dotted
lines. They all intersect the midplane inside of Rc . In this case, that means all accretion
takes place inside the “annealing radius” (Rann , the radius corresponding to 800 K) and all
dust is turned into crystalline form. In the new method, only 36% of the accreting material
comes inside of Rann , so the disk gains a much smaller amount of crystalline dust.
The crystalline fractions obtained with the new method are compared to the results
from DAW06 in Fig. 4.3. In both cases, the inner part of the disk, out to a few AU, is fully
crystalline. This is followed by a near-powerlaw decrease as crystalline material is mixed
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0.4
1.5
0.6
0.3

10
M:
12.1
12.0
12.1

Ω0 = 10−13 s−1 , cs = 0.26 km s−1
R (AU)
10
30
100
10
30
100
M: 0.50, 0.13
M: 1.0, 0.43
5.3
4.4
3.6
6.2
3.3
1.7
4.5
4.0
3.6
4.5
2.6
1.6
3.7
3.5
3.3
2.7
1.7
1.3

30
100
0.20, 0.019
12.0 12.0
12.0 12.0
12.1 12.2

10

30
100
M: 5.0, 2.3
17.0 2.9
0.4
23.0 3.9
0.4
24.6 4.4
0.6

10

30
100
M: 5.0, 1.9
54.1 9.3
1.2
37.5 9.7
2.2
16.5 6.1
3.3

10

30
100
M: 5.0, 4.1
5.4
1.1
0.2
5.1
1.2
0.2
8.5
0.5
0.02

10

30
100
M: 5.0, 3.5
19.3 3.9
0.6
14.6 3.3
0.7
8.6 2.4
0.8
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Table 4.1 – Crystalline silicate fractions for a range of model parameters.a
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Figure 4.2 – Accretion at 2.0 × 105 yr (0.23 tacc ) for the default model of DAW06. The vertical
dotted lines indicate the current values of Rc (2.2 AU) and Rann (3.6 AU). Top: mass-loading as a
function of radius. Bottom: infall trajectories (solid grey) from the envelope onto the surface of
the disk (black). In the absence of the disk, the trajectories would extend to the midplane along the
dotted lines. The inset in the bottom panel shows a blow-up of the inner 5 × 1 AU.

Table 4.1 – footnotes.
a

The fractions are given in per cent of the total silicate dust abundance at the indicated distance from the star
(R) and time after the onset of collapse (t). The two masses (M, in units of M⊙ ) listed for each combination
of parameters are the initial cloud core mass and the disk mass at the end of the accretion phase.
b
No disk is formed at all for this combination of parameters.
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Figure 4.3 – Fraction of crystalline silicates for the default model of DAW06 at 1.0 (solid), 1.6
(dotted) and 3.1 Myr (dashed). The grey lines show the results from DAW06; the black lines show
our new results. The arrows on the top axis indicate the outer disk radius for the new method.

to larger radii. At a few tens of AU, the crystallinity levels off to a base value that remains
roughly constant to the outer edge of the disk, indicated by the arrows on the top axis in
Fig. 4.3. The increase in crystallinity beyond that point should not be attributed much
significance because, in reality, this material is mixed with the fully amorphous remnant
envelope. At each of the three time steps plotted, the new crystallinity outside of a few
AU is lower than the old one. For example, at 10 AU and 3.1 Myr, the fraction is down
from 15.1 to 7.4%. At the outer edge of the disk, the new method produces crystalline
fractions down to 1%. The differences between the old and the new method become even
more pronounced when we take a slightly lower initial rotation rate of 3 × 10−15 s−1 (Fig.
4.4). The crystalline fraction at 10 AU and 3.1 Myr is now down from 72.6 to 11.3%.
The amount of crystallisation that takes place during the formation and evolution of
the disk depends on the initial conditions. DAW06 already discussed the effect of the
rotation rate (Ω0 ) of the collapsing envelope. The more rapid the rotation, the larger the
radius at which the bulk of the accretion takes place. This results in less material being
heated above 800 K, so the disk becomes less crystalline. This effect also occurs in our
new model. Two other conditions that can easily be changed are the initial mass (M0 )
and the effective sound speed (cs ). In order to get a first understanding of their effects,
we computed the crystalline fractions for the parameter grid from Chapter 2, as well as
for models with initial masses of 0.2 and 5.0 M⊙ . Table 4.1 lists the relevant model
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Figure 4.4 – As Fig. 4.3, but for Ω0 = 3 × 10−15 s−1 .

parameters together with the fraction of crystalline silicates at three different positions
and three different times. The first of the three positions (10 AU) is representative of the
region probed by the recent Spitzer observations, while the other two positions (30 and
100 AU) contain colder material that can be studied with the Herschel Space Observatory.
The models with a low sound speed all have a lower crystallinity than the models with
a high sound speed. As noted in Chapter 2, a low sound speed results in a lower accretion
rate. The accretion time becomes longer, so the disk grows larger and more massive. A
lower accretion rate also gives a lower stellar luminosity, so the region where silicates can
be crystallised is smaller. These effects combine to give smaller fractions of crystalline
material throughout the entire disk.
Changing the initial mass of the cloud core has a more complicated effect on the
crystallinity. Table 4.1 shows several cases where, for models that differ only in the initial
mass, the crystalline fractions increase towards larger M0 , and several cases where they
decrease in that direction. Due to the inside-out nature of the Shu (1977) collapse, models
of different mass initially evolve in exactly the same way. However, the accretion phase
of the higher-mass models in our grid lasts longer (tacc ∝ M0 ) than that of the lowermass models. This affects the crystallinity in two opposing ways. First, the protostar
becomes more luminous for the higher-mass models (D’Antona & Mazzitelli 1994), so
the region in which crystallisation takes place is larger. Second, the disk grows larger,
so the bulk of the accretion occurs farther from the star. The first effect results in higher
crystalline abundances in the inner parts of the disk in the higher-mass models, while the
119

Chapter 4 – Sub-Keplerian accretion onto circumstellar disks

Figure 4.5 – As Fig. 4.3, but for two of the models from Table 4.1 with Ω0 = 10−14 s−1 and cs = 0.19
km s−1 . Grey: M0 = 0.5 M⊙ ; black: M0 = 1.0 M⊙ .

second effect eventually results in lower crystalline abundances in the outer parts (Fig.
4.5). Depending on the exact initial conditions, the transition from the inner to the outer
disk in this context may lie inwards or outwards of the 10–100 AU region given in Table
4.1, or even within that region. Example of two of these three possibilities can be found
in the series of models with Ω0 = 10−14 s−1 and cs = 0.19 km s−1 (top part of Table 4.1).
Going from M0 = 0.2 to 0.5 M⊙ , the fraction of material accreting close enough to the
star to be crystallised is reduced, so we find smaller crystalline fractions at 10, 30 and
100 AU: ∼6% for the 0.5 M⊙ model versus ∼20% for the 0.2 M⊙ model. Increasing the
initial mass to 1.0 M⊙ , the higher stellar luminosity increases the crystallinity at 10 AU to
7.6%. However, the crystallinity at larger radii suffers from the larger fraction of dust that
remained amorphous during the accretion phase because the larger disk prevented it from
getting closer to the protostar. At 30 AU, the crystalline fraction at 1.0 Myr decreases from
6.0 to 3.8% when the initial mass goes from 0.5 to 1.0 M⊙ . The decrease in crystallinity
at 100 AU is even larger: from 5.5 to 1.9%. The differences in the other three series of
models can all be explained in similar fashion.

4.5.3 Discussion and future work
The goal of this chapter is to show how treating the disk as a multidimensional object and
correctly solving the problem of sub-Keplerian accretion affect the results of DAW06. As
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shown in Figs. 4.3 and 4.4, we obtain smaller fractions of crystalline silicates throughout
the disk. This is an improvement over the old model, which was noted to overpredict
crystallinity compared with observations.
A detailed parameter study is required to judge how well our current model reproduces
all available observations. One complicating factor in such a procedure is the observed
lack of correlation between crystallinity and other systemic properties such as the stellar
luminosity, the accretion rate and the masses of the star and the disk (Watson et al. 2009).
The observed absence of a correlation between two observables usually translates to a
lack of a physical correlation, but this is not always the case. For example, Kessler-Silacci
et al. (2007) showed why the crystallinity is not observed to be correlated with the stellar
luminosity. The disk around a brighter protostar is warmer throughout, so the region from
which most of the silicate emission originates lies at a larger distance from the star, where
the crystallinity is lower. At the same time, though, the higher temperatures mean that
more material can be thermally annealed, so the crystallinity at all radii goes up. The
two effects cancel each other, so the observed crystalline fraction is not correlated with
the stellar luminosity. Likewise, care must be taken when interpreting other observed
non-correlations or correlations.
The best starting point for a more detailed comparison between model and observations appears to be the observed radial dependence of the relative abundances of specific
types of crystalline silicates, such as enstatite and forsterite. Our model can be expanded
to track multiple types of silicates, each with their own formation temperature and mechanism. First of all, this may help in explaining the “crystallinity paradox” identified by
Olofsson et al. (2009; see also Sect. 4.5.1). Second, it can address the question whether
crystalline silicates are predominantly formed by condensation from hot gas (∼1200 K),
by thermal annealing at slightly lower temperatures (∼800 K), or by shock waves outside
the hot inner disk. At the moment, neither the observations nor the models can rule out
any of these mechanisms. The crystalline fractions obtained with our model suggest that
thermal annealing followed by radial mixing must be taking place and must therefore be
responsible for part of the observed crystalline silicates. A scenario in which all crystalline material is formed where it is observed, according to the model of Bouwman et al.
(2008), appears unlikely.
In addition to tracking multiple types of silicates, it may be worthwhile to investigate
different collapse scenarios. The Shu (1977) collapse starts with a cloud core with an r−2
density profile, but observations of pre-stellar cores usually show an r−1.5 density profile
instead (Alves et al. 2001, Motte & André 2001, Harvey et al. 2003, André et al. 2004,
Kandori et al. 2005). Bonnor-Ebert (BE) spheres have such a density profile (Ebert 1955,
Bonnor 1956), so they have been proposed as an alternative starting point for collapse
models (Whitworth et al. 1996). The collapse of a BE sphere results in different densities,
velocities and temperatures than those obtained with the Shu collapse (Foster & Chevalier
1993, Matsumoto & Hanawa 2003, Banerjee et al. 2004, Walch et al. 2009), leading in
turn to different crystalline silicate abundances. However, no analytical solutions exist for
the collapse of a rotating BE sphere, so we are currently unable to pursue this point in any
more detail.
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4.6 Conclusions
This chapter presents a new method of correcting for the sub-Keplerian velocity of envelope material accreting onto an axisymmetric two-dimensional circumstellar disk. Unlike
the previous corrections of Hueso & Guillot (2005) and from Chapter 2, this new method
properly conserves angular momentum and produces infall trajectories without discontinuities. The latter is important for tracing changes in the chemical contents and dust
properties during the evolution of the envelope and disk.
The disks produced with the new method are smaller than those produced with the
old method by up to a factor of ten. Depending on the initial conditions, the disk masses
are between 100 and 200% of previously computed values (Sect. 4.3). The new disks are
a few degrees colder in the inner regions and a few degrees warmer in the outer regions,
resulting in lower abundances of CO ice (Sect. 4.4). By the time the system reaches the
classical T Tauri stage, at about 1 Myr, the global ice abundances still agree well with
observations. Overall, there are no major changes in the gas-ice ratios compared with
Chapter 2.
The disk was treated as geometrically flat by Dullemond et al. (2006a). As in Chapter
2, we now also take into account the vertical structure when computing the infall trajectories. This results in the bulk of the accretion occuring at larger radii. A smaller fraction of
the infalling material now comes close enough to the star to be heated above 800 K, the
temperature required for thermal annealing of amorphous silicates into crystalline form.
Therefore, the new method produces crystalline abundances that are lower by a few per
cent to more than a factor of five compared to the old model. We now obtain a better
match with observations and we argue that thermal annealing followed by radial mixing
is responsible for at least part of the crystalline silicates observed in disks. An expanded
model, which tracks specific forms of crystalline silicate, is required to establish in more
detail the importance of this and other possible crystallisation mechanisms.
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